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3. Multiscale method for ionic
solids at finite temperature
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2. Electrostatics in
random media
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Nanotube Image - http://nano-bio.ehu.es/areas/nanostructures-and-nanotubes
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_ Introduction
| Motivation

I Electrostatics interaction

Storage devices
Ferroelectric RAM

Piezoelectric sensors

H Finite temperature
Thermal fluctuations of atoms

Coupling of deformation, electric field
with temperature

Ans N

(c) Piezoelectric sensor

Hard drive

(b) Ferroelectric RAM
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(a) http://phys.org/news/2009-10-hard_1.html
(b) http://abdulmoeez55.blogspot.com/2015/12/ferroelectric-ram.html

(c) http://mww.meas-spec.com/product/piezo/MiniSense_100NM.aspx
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Long range interactions

Energy density at X = / G(X,Y)f(Y)dY
Y

Field at X due to charge/dipole at Y Charge/dipole at Y

Expansion of kernel G for charge distribution
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Energy density at X = / G(X,Y)f(Y)dY
Y
Field at X due to charge/dipole at Y Charge/dipole at Y
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Figure: Marhsall and Dayal 2013
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range I nteractionse

1
Linear Elasticity —=»  W(x) = §e(w) - Ce(x)

Electrostatics —  W(x) = V() - Vo(x)

l

V- -V¢=V-p

Energy density depends on polarization
field over whole material domain
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E:V(Q)—I—§>4 4‘ Z_J}
‘ i—1 j—1 19 q]‘

Continuum limit of electrostatic energy

}
1
E=Vig)+; [ IV
RS
Vip=V-p eRp=0 cR*-1

p . polarization field in a material
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Length scales

w Continuum Length scale : L

7 l<<g<<L

w Size of material point :€ I,f i
'I\ a

w Atomic spacing : /

€
Macroscopic field vary at the scale =) T

Interested In limit

@ Continuum mechanics —= << L

Fields vary at fine scale compared to size of material

@ Continuum limit approximations —= | << ¢
Atomic spacing is fine compared to scale at which fields vary

Figure: Marhsall and Dayal2013
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Continuum limit

o bm 1 . Average energy of atoms
Bimit = 15 {vol(Br(O)) %:(D(mz m’)} T in Sphere R0)

=1
(a.) 7 — oo keeping | = 1 fixed —
(b.) I — 0 keeping r = 2 fixed
=1
—
=1 r+8
—
(a.) —— r=+4
Two equivalent approach ——=p
(b.)
—l H &
=1 _ =1/4
[=1/2
T = 2 r — é T = 2

Scaled potential ——=» (I)l(w) — P (%)
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mmmm) Energy of domain
E(82) =~ vol(§2) X Epimit

mmmm) Accuracy increases as

diam(§2)
[

Increases
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Electrostatics energy: Periodic media

Q //"F 1 /
7 l<<g<<L
‘f : "‘;;-L‘.R__ﬂ____‘_
\ -
h i ’ :.:: E
In Marshall and Dayal [1], the periodic media is considered. ® -
| © ®
> 2 material domain, £2. = 2N (eZ)? be discrete set of material points. l

0 Let Be(x) C R3 be the sphere of radius €, at material point & € £2.

0 Let p: 2 x R?® = R be a charge density field. It satisfies following
pl,y+z)=plxy) Vyel,1PzeZ’
< Let p; be associated to atomic length scale [. We assume

Yy
pl(wvyaw) — p(w7 77(*‘))

Figure: Marhsall and Dayal2013
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Scaling on charge density field: Periodic media

Electrostatics energy

_ pl(waz)pl(wlvz/)
v E= Z 2€B. (), dVzdVz

r+z—x — 2
xelle ¥ 2’ cB.(x') |
x’' e,

— Elocal + Enonlocal

_ 3 [ 2 p(x, z)p(x, 2') p(x,y/l)
B = 3 &0 [ o BT avadva | Ai(@,y) = T/
=) 2'€B. /l(z) l

Energy of one unit cell due to charge
distribution in material point x
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ﬁ:j Continuum limit and two scale homogenization

» The general theory of homogeni4atidartar 2010,

» Homogenization and tgoale convergedmgéllaire 1992

» Modeling materials: Continuum, atomistic, and multiscale tegh@idoes and Miller 2011

» On the CauciBorn ruleny Ericksen 2008

» The elastic dielectog Toupin 1956

» Internal variables and fiseale oscillations in micromaghgtizsnes and Muller 1994
» Micromagnetics of very thin fbm&ioia and James 1997

» From molecular models to continuum mebiaias:, Le Bris, and Lions 2002
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Homogenization with random fields

. In Blanc, Le Bris, and Lions 200they consider the homogenization of short range atomic force
for random media.

- In Blanc, Lions, Legoll, and Patz 2018omogenization in ond is considered. The thermal
fluctuations are modeled as random field. Other related worksBdesic, Le Bris, and Lions

2007.

. Chapter 7 ofJikov, Kozlov, and Oleinik 199%jives brief introduction to stationarity and ergodicity
and considers the homogenization of Poissons equation with random coefficient,

V- (a(z/e)Vu(z)) = f(z)

- In chapter 3 ofBensoussan, Lions, and Papanicolastachastic homogenization of Poissons
equation and diffusion equation is considered.

A book ORandom het e Bavgi@en280dsuasothen eeterenca oa mateodialsb
with randomness.
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Stationarity
mf:02xD—-R

m Ef(x, )] = /f(a:,w)d,u(w) is independent of x

Similar to periodic media observed f(z) observed f(y)
average over unit cell is independent of unit cell :/f(%w)dﬂ(w) _/ﬂy W) dpi(w)
Ergodicity
1
O flz,w)dp(w) = lim / fly,w)dVy
wED (@)l rree VOI(BT(m)) yEB, () (92

Spatial average

/

— — lim [ d
/y oy T /b))







