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Abstract

We derive a two-scale continuum limit for the electrostatic energy of random charge density
fields that are stationary and ergodic under lattice translations. Each microscopic cell is charge
neutral in every realization, while its dipole moment may fluctuate and have a nonzero mean.
Under assumptions on the stationary microscopic potential and the finite-volume fields, the local
and nonlocal energies converge almost surely to deterministic limits. The local limit consists
of the ensemble-averaged microscopic Coulomb energy and a cell-depolarization term, whereas
the effective polarization determines the nonlocal limit. The cell-depolarization terms cancel
in the total energy, which consists of the ensemble-averaged microscopic cell energy and the
macroscopic electrostatic field energy. The deterministic specialization recovers the periodic
two-scale limit. For an independent-cell random-displacement model, we verify the assumptions
of the continuum-limit theorem and show that centered microscopic fluctuations can change the
local energy without changing the effective polarization or the nonlocal energy.
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random media; lattice stationarity.
2020 Mathematics Subject Classification. 35B27 (primary); 78A30, 60G60, 60G10 (secondary).

1 Introduction

Continuum electrostatic theories describe the energetic consequences of polarization while suppressing
the microscopic charge distribution. Classical elastic-dielectric theories and their polarization-
gradient extensions show how polarization, surfaces, and electromechanical coupling enter continuum
energies [41, 25, 39, 36]. At the microscopic scale, however, Coulomb interactions are long ranged,
and their lattice sums and boundary-dependent terms require special treatment [12, 40]. The
loss of microscopic information is especially relevant at finite temperature, where charged atoms
fluctuate about their mean positions. Displaced-structure ensembles are used in finite-temperature
electronic-structure calculations [44], and molecular simulations of ionic crystals resolve thermal
motion about equilibrium positions [15]. Polarization fluctuations also contribute to dielectric
response and interact with depolarizing fields and surface-charge screening [30]. Finite-temperature
fluctuations therefore motivate a continuum description that distinguishes their effect on local
electrostatic interactions from their effect on the macroscopic polarization field.
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We represent the microscopic fluctuations by a prescribed classical charge density p = p(x, y,w),
where z € Q, y € R?, and w € = denote the material point, the microscopic coordinate, and a
realization in a probability space (E, F,P), respectively. The long range of the Coulomb interaction
makes the passage from the random microscopic field to a macroscopic energy nontrivial. Previous
analyses of random Coulomb systems have treated thermodynamic limits for Coulomb matter and
crystals [23, 13], energies and homogenization in stochastic lattices [5, 6], and electronic-structure
or mean-field models of disordered crystals [7, 10]. Finite-temperature coarse graining has also been
analyzed for one-dimensional models [3]. The problem considered here is instead a three-dimensional
continuum-energy decomposition for a prescribed stationary random charge density.

Passing from a stationary microscopic field to a continuum energy requires spatial averaging.
Stochastic homogenization provides such averaging for rapidly oscillating coefficients [29, 22, 11, 20],
while periodic and stochastic two-scale convergence resolve both macroscopic and microscopic
variables [28, 1, 8]. Related homogenization and discrete-to-continuum results address stationary
random measures, discrete networks, random convolution energies, and long-range multibody systems
[45, 27, 9, 2]. We use lattice ergodic averaging within a two-scale energy decomposition. Unlike
standard local homogenized energies, the Coulomb scaling retains a nonlocal contribution determined
by the macroscopic polarization.

Marshall and Dayal [24] introduced the local/nonlocal energy separation for periodic charge den-
sities, distinguishing interactions within each material point from polarization-mediated interactions
between distinct material points. Their formulation was subsequently used in atomistic-to-continuum
models of crystalline defects [17, 19]. Long-range electrical interactions in nanostructures [18] and
dipolar limits in micromagnetics [16, 26, 33] provide related examples in which lattice-scale regular-
ization produces both macroscopic fields and local corrections. Recent two-scale analyses of periodic
dielectric crystals address the dependence of bulk polarization on the reference-cell convention and
the accompanying boundary charge [34, 35].

We extend the local /nonlocal decomposition of [24] to stationary and ergodic random charge
density fields and prove almost-sure convergence of the discrete local and nonlocal energies to
deterministic continuum limits. The decomposition is defined on the three length scales illustrated
in Figure 1: microscopic charge distributions at scale ¢ are grouped into material points of size &
within a body of characteristic size L, with £ < ¢ < L.

Figure 1: The length-scale hierarchy underlying the two-scale local/nonlocal energy decomposition.

In the random setting, stationarity under lattice translations is expressed through measurable,
measure-preserving, ergodic actions {Tg : £ — Z},cz3. A reference-cell charge density p generates



the stationary microscopic field according to
p(mvy’w) :ﬁ(m’S7Tkw)> y:kz—i—s, (]-)

where k € Z3 identifies a cell and s € Q := [~1/2,1/2)? is the coordinate within the reference cell.
Exact charge neutrality is imposed on p in every realization and is inherited by each translated cell.
Within a realization, different cells may have different charge profiles and dipole moments, while
every cell remains charge neutral.

The lattice-stationary representation in Equation (1) requires a reference-cell convention, and
we take @) to be the unit cube. The cell polarization depends on how we assign charges to Q.
The resulting nonuniqueness of bulk polarization and its relation to surface charge are central to
the modern theory of polarization [21, 42, 31, 32, 37]. In the periodic setting, a change in the
reference-cell convention changes the bulk polarization together with the corresponding boundary
charge, leaving the physical electric field and total electrostatic energy unchanged [34, 35]. We
therefore state the cell polarization and the associated local quantities relative to the fixed convention
Q.

Cell neutrality removes the contribution of the lattice position to the dipole of each translated
cell. The lattice ergodic theorem then identifies the large-volume average of the cell dipoles as the
deterministic effective polarization

p(z) = E[/Q A, s, ~)sds} .

Individual cell dipoles may vary within a realization, but their large-volume average is independent
of the realization.

Combining the finite-scale energy decomposition with the ergodic identification of p gives the
main result. Under the assumptions in Section 3, the local contribution converges almost surely to

Eloczl/E[/ p(iB,S,‘)h(m,S,')dS] d$+1/ |p($)‘2d33,
2 Jq Q 6 Jo

where h is the reference-cell representation of the lattice-stationary microscopic Coulomb potential;
see Equation (17). The first term retains the statistics of the microscopic charge density, while the
second is the depolarization energy associated with the cubic material point. The interactions between
distinct material points converge to the nonlocal dipole—dipole energy, equivalently represented by

1 1
Entoe = & / Vo de — © / ip(a)? de,
2 ]R3 6 Q

where ¢ € H! (R3) solves —A¢ = —V - pg in R3 and py is the extension of p by zero outside .
The equivalent principal-value representation using the dipole kernel is stated in Proposition 4.1.
The —|—% fQ |p|? local term and the corresponding negative nonlocal term cancel. Let & o(w) denote
the discrete electrostatic energy for the realization w. The cancellation yields, for almost every
realization,

1 - 1
lim lim & y(w) == | E p(x, s, )h(x,s,-)ds d:L'Jr/ Vo|? de.
im lim £.40) = 5 [ B| [ 5@.0.900,0.)as] da g [ (90
The local and nonlocal limits retain different information about microscopic fluctuations. Although
both limits are deterministic, the local limit retains the ensemble-averaged microscopic charge
statistics, whereas the nonlocal limit is determined solely by the effective polarization.



To show that the assumptions admit both periodic and nonperiodic random charge fields, we
examine two cases. When the probability space consists of a single point, the framework reduces
to a periodic charge density, and the continuum energy agrees with the formal periodic energy
obtained in [24]. We then verify the assumptions for a concrete nonperiodic random-displacement
model in which the displacement fields are identically distributed and independent from cell to cell,
while displacements of charges within a cell may be correlated and may vary with the macroscopic
position x.

For centered displacements, microscopic fluctuations can change the ensemble-averaged micro-
scopic term in the local energy while leaving the effective polarization, and hence the nonlocal
energy, unchanged. The independent-cell measure provides an idealized static ensemble rather than
an atomistic Gibbs measure or a model of temporal dynamics; physical displacements are generally
correlated across cells.

The remainder of the paper is organized as follows. Section 2 defines the two-scale charge density,
the finite-scale electrostatic energy, and the lattice-stationary averaging framework. Section 3 states
the assumptions on the charge density and microscopic fields. The continuum limit is established in
Section 4. The periodic and random-displacement cases are considered in Section 5, and Section 6
summarizes the main conclusions and scope of the result.

2 Two-scale electrostatic model

We now define the finite-scale electrostatic model used in the analysis. We construct the random
charge density field on the two-scale domain using an ergodic lattice action and, following [24],
separate the total electrostatic energy into local and nonlocal contributions. We also introduce the
charge moments and interaction potentials used in the subsequent analysis. The section concludes
with the ergodic theorems for lattice-stationary random fields that are needed to pass to the
continuum limit.

2.1 Material points and microscopic coordinates

Let © C R? be a bounded Lipschitz domain whose characteristic length is normalized to L = 1. As
illustrated in Figure 1, we first represent the material at the scale €, over which material properties
such as the charge density field vary slowly. The behavior of each material point is determined by
the microscopic interactions within its associated region at the smaller length scale £. Thus,

{<ex 1.

To represent the discrete structure of the material at the scale €, we introduce the set of material
points
3 11\°
Q= {:BEEZ ::D+Q5CQ}, Q- = eQ), Q= {—2,2> . (2)
Here, (). is the set of material points in 2, and x + Q. is the corresponding material-point region.
We include only those points @ € ¢Z? for which the entire region « + Q. is contained in €. The
regions x + Q. are disjoint and their union is a subset of €2, i.e., UmEQE (x4 Q:) C Q. The remaining
part of €2 is contained in a boundary layer whose volume vanishes as € — 0.
Within each material-point region, we consider a lattice of size £ containing charged atoms. Let
z; denote the physical position of the ith charged atom, let g; denote its charge, and let Z, denote



the set of atoms contained in & + Q)c. The electrostatic energy of the material can then be written as

R 1 1

e =35 > ' Z G(zi — zj)aiq;,  G(z) = el
x,x' €Qe 1€y, jEL
(i) # (=’ ,5)

Here, G(-) is the Coulomb kernel. We suppress the vacuum permittivity, which can be restored by
multiplying the energy by the appropriate material coefficient. The factor of 1/2 accounts for double
counting of the interactions. The outer sum is over the material points, while the inner sum accounts
for the interactions between the discrete charges contained in the corresponding material-point
regions. The condition (x,7) # (', j) excludes the self-interaction of an individual charge.

In this work, we use an alternative description of the electrostatic energy in terms of a charge
density field p(x,r); see [24, 19, 43]. Here, 7 € Q. denotes the position relative to the material
point x, so that & + r is the corresponding physical position. The field p(x, r) provides a continuous
representation of the discrete charges contained in « + (.. In terms of this field, the electrostatic
energy is

A 1
e =3 Z / Glx+r—2 —r)p(x,r)p(@,r)dr' dr.
e/ Qe

x,x' €Qe

This form is more convenient for the analysis of the continuum limit. The discrete lattice description
is recovered by taking
)= 3 qb(r— (2 —a)),
1€,

where § is the Dirac delta distribution. When using this charge density representation for point
charges, we must ensure the summation excludes z; — z; = 0 to avoid the singularity of the Coulomb
kernel.

Next, let y denote the microscopic point, which is obtained by rescaling the coordinate r by the

lattice scale ¢:
r €

Yy = Z € QRE,Z? RE,Z = Z

Since Rey > 1, for a given y € Qg,,, there are unique k € 73 and s € @ such that y = k + s,
where k identifies a microscopic cell and s is the coordinate within the reference cell.
The thermodynamic limit within a material point corresponds to R., — oo at fixed . For
convenience, we take this limit along the sequence
€ €

:m, RE!n:*:Qn—i—l:: Rn (3)

1o o

The microscopic region Qg, is the union of (2n + 1)3 reference cells Q arranged symmetrically about
the origin. The index set of the lattice cells contained in @, is

Ig, :={-n,...,0,...,n}> (4)
Consequently,
kEIRn

Thus, y € @R, is the scaled relative coordinate of the microscopic point r = 0,y € Q..



2.2 Random charge density field

Our goal is to describe a material in which the microscopic charge density profile can vary from
one cell to another in a given realization, while its statistical properties remain unchanged under
lattice translations. We also require averages over a large number of microscopic cells to converge to
the corresponding ensemble averages. These properties are described using measurable, measure-
preserving, ergodic lattice actions (dynamical systems), a standard framework in the analysis of
random media and stochastic homogenization [22, 20].

Let (£, F,P) be a probability space, where w € Z denotes a realization of the microscopic charge
density. Let {T : 2 — E}gezs be a measurable, measure-preserving lattice action satisfying

TO = Id, Tk+k’ = Tk o Tk:’7 P(TlglA) == P(A) (6)

for every k,k’ € Z? and A € F. The action is assumed to be ergodic. That is, if a measurable set
A € F satisfies
T,;lA =A for every k € 73,

then P(A) is either zero or one. Ergodicity allows spatial averages over a large number of cells to be
identified with ensemble averages [20, Chapter 7].
Using the lattice action, we define the random charge density profile on the reference cell Q) by

p:OAXQxE =R

For fixed €  and w € Z, the function p(x, -, w) describes the charge density within the reference
cell Q. The charge density on the full lattice is obtained by extending p using the maps {7} as
follows:

ple,y,w) = ple, s, Trw) , vy € R?, (7)

where k € Z3 and s € Q are such that y = k + s. Thus, for a fixed realization w, different cells can
have different charge density profiles, depending on the map T} associated with the cell coordinate
k. However, because the action is measure preserving, the charge density profiles have the same
probability distribution in every cell.

Within the material-point region & + Q., the physical charge density p’ is defined by

1 T
¢ 1 r
Pz, r,w) = gp(:c,é,w>, T € Q.. (8)

The ansatz scaling factor £~! is introduced so that the local and nonlocal electrostatic energies are
of order one in the limit ¢/¢ — 0. Here, p generates the lattice-stationary microscopic field p and,
after rescaling, the physical charge density p’ used in the finite-scale electrostatic energy.

Remark 2.1. The choice of the generator p: Q x Q@ x = — R and the ergodic lattice action {T }peyzs
allows a broad class of random charge density fields. Periodic charge density fields and random
perturbations of periodic fields are special cases; see Section 5.

2.3 Discrete electrostatic energies

Using the physical charge density p® defined in Equation (8), the electrostatic energy at fixed € and
lis
1
Eep(w) == 3 Z / / P, r,w)pt (e, 7\ w) Gl +r —a' —7')dr' dr. (9)

x,x' Qe



We separate the energy according to whether the two interacting charge distributions belong to the
same material point or to distinct material points. The local energy contains the interactions within
each material-point region:

1
€é?f(w) == Z P, w)pt(x, 7, w) G(r — ') dr’ dr. (10)
2 eQ Je@

xe).

The nonlocal energy contains the interactions between distinct material-point regions:

1
ENC(w) =2 Z / / plx, r,w)pl (e v w) Gz +r — 2’ —r')dr dr. (11)
2 x,x' €. €Q Je
Atz
Therefore,
o0 = 55 + E15°. (12)

2.4 Microscopic moments and interaction potentials

We introduce quantities that will appear in the limiting continuum model. For each material point
x € )., define the total charge and dipole moment by

wilew) = [ ferwar diew= [ e (13)
eQ €@

Using y = r/f and R = R,y = ¢/{, the charge and dipole densities can be written using (8) as

QE,f(xaw) _ E 1
e’ e |Qrl Jop

dey(T,w 1
p(x,y,w)dy,  pr(z,w):= (63 ) Qnl Jy p(z, y,w)y dy.
' (14)

Assumption 3.1 implies that g. ¢(x,w) = 0 for every fixed « and almost every w. Under the charge
neutrality condition, the following will be shown

pr(@,w) —— p(w)z—ﬂ-z[/@ pla.. | (15)

R—o0

where p(x) is the effective polarization.
We next introduce the microscopic potential used in the local-energy analysis. For each x € Q
and w € =, define

h(xava) = G*p(m,-,w)(y), (16)

whenever the infinite-volume convolution exists. Assumption 3.2 specifies its existence and the
integrability required in the analysis.

The microscopic potential h is a lattice-stationary random field, which follows from the lattice-
stationary property of the charge density field p. To see this, we define the restriction of A to the
reference cell by

h(zx, s,w) := h(x, s,w), 5 € Q. (17)
It follows that, for y € Q and k € Z3,

h(z,y +k,w)=G*p(x, ,w)(y+k)=Gx*p(x, +kw)(y)
=G #p(x, -, Trw)(y) = h(z,y, Tew) = h(z,y, Trw).



At finite volume (¢/¢ > 0), the charge density within a material point is restricted to the finite
microscopic region Qr (R = R,y = ¢/{). The corresponding truncated potential is

ha(@,y,w) = G * (pxqn) = /Q Gly - 2)p(@, 2w) d=. (18)

Unlike h, the potential hp is not lattice stationary because its source is restricted to the fixed cube
Qr. The difference hg — h need not vanish in the limit and accounts for the correction arising from
the boundary of the material-point region. The limit is described by the potential of a uniformly
polarized cube. For g € R3, define

Hola(€) = [ G&—ma-nqtn)ds, (19)
It satisfies

—AHglq) = -V - (axq) in D'(R3). (20)
The source —V - (gxq) is the charge source due to the uniform polarization g.

For a fixed k € Z?\ {0}, we define the interaction between two microscopic regions separated by

RE as .
Bri(z,x' w) = R?’/Q p(x', z,w)hgr(z, z + Rk,w)dz. (21)
R

Using Equation (18) and the symmetry G(—z) = G(z), this is equivalently
1
Ban(e.a'w) = 75 [ [ Gty =~ B,y )y =
R R

The corresponding interaction between uniformly polarized unit cubes is defined by

Hryqlgl(€) == Helq)(§ — k),

(22)
Bulp.a)i= | VHolpl - VHirola)dé.
R
At large separations, the interaction between the polarized cubes reduces to the interaction
between their dipole moments. The dipole interaction kernel is

K(z) = —V2G(2) = —— (I 3l gl ) . z#0. (23)

- Anfz? Elar]

2.5 Ergodic theorem for lattice-stationary random variables

The action T}, used in this work is parameterized by Z3. For an R3-parameterized action, the Birkhoff
ergodic theorem identifies the spatial average of a stationary random field with its expectation [20,
Theorem 7.2]. The corresponding spatial average for the lattice action is the discrete average over
the cells indexed by Ir. We use the following result, which is a special case of [20, Theorem 7.2].
We also state a corollary that is used in the analysis of the continuum limit.

Theorem 2.1 (Lattice ergodic theorem). Let f € LY(Z;R™), and let {Tk}pezs be the measure-
preserving ergodic action in Equation (6). Then, for almost every w € Z,

1
Jm — 3" f(Tiw) = Ef) (24)
R=2n+1 kelg

If f € L*(Z;R™), the convergence holds in the L? norm.



Corollary 2.1 (Weighted lattice ergodic limit). Let a € C(Q) and let f € L*>(Z;R™). Then, for

almost every w € =,
% S a (Z) f(Tyw) — (/Q a(n) dn) E[f] (25)

kelp
as R=2n+1 — oo.

Theorem 2.1 and Corollary 2.1 are proved in Section A. The result applies componentwise to
finite-dimensional vector-valued random variables and to cell observables obtained by integrating
over (). For example, for a function f : QQ x & — R™, we can define a function F' : = — R™ by
integrating over the reference cell

F(w) = / f(s,w)ds (26)
Q
and then apply Theorem 2.1 and Corollary 2.1 to F.

Remark 2.2. For two-scale functions f(x,s,w), the ergodic theorem is applied for each fived x € 2.
The resulting almost-sure statements may depend on x, because the null set may depend on x.
Whenever finitely or countably many almost-sure statements are used simultaneously, we work on
their intersection, which still has probability one. We use this convention below without introducing
separate notation for each exceptional set.

Remark 2.3. If f(s,w) and g(s,w) are measurable, then

f(sa Tkw)g(sa TkW)

is lattice stationary. A convolution also preserves lattice stationarity whenever it is well defined.

3 Assumptions and key consequences

In this section, we collect key assumptions on the random charge density field, the microscopic
potential, and the finite-volume interactions. Following the list of assumptions, we state the key
consequences that are used in the analysis of the continuum limit.

3.1 Assumptions

Assumption 3.1 ((A1) Continuity and cell neutrality). The map x — p(z, -, -) is continuous from
Q into L*(Q x Z). Moreover,

/ plx,s,w)ds =0 (27)
Q
for every x € Q and almost every w € E.

Since ) is compact, A1 implies

ing[/Q\p(:c,s,.)Pds] < oo. (28)

Taking the expectation in Equation (27) gives
| Elpta. s as =0,
Q

However, the assumption does not require E[p(x, s, )] to vanish pointwise in s. Hence the mean
cell dipole, and therefore p(x) in Equation (15), can be nonzero.



Assumption 3.2 ((A2) Microscopic Coulomb potential). For every & € Q and almost every w € Z,
the Coulomb convolution

h(wayaw) = G*p(.’l?,,bd)(y) (29)
exists and its reference-cell representation h is L*-integrable in the sense that

h(z,-,-) € L*(Q x B). (30)

Moreover, the expectation of the microscopic energy density,
T —> E[/ p(x, s, )h(z,s,) ds] , (31)
Q

18 continuous on §).

By the Cauchy—Schwarz inequality,

IE[/Q|p(w,s,-)h(az,s,~)|ds} < 0, (32)

so Theorem 2.1 applies to the microscopic energy density.

As we will see in the analysis of the continuum limit, the energies depend on the finite-volume
potential hr defined in Equation (18). However, the limit of the energy more naturally involves the
full-space potential A and we find that

hr(x, RE, w) — h(x, RE,w)
e

has the weak limit VHg[p(x)]; see Proposition 3.3. For the analysis of the energy, we require
the convergence above to VHg[p(x)] to be strong in L? so that we can pass to the limit in the
energy. This is taken as the third assumption. We also add to this assumption the convergence
of the finite-volume potential hr in the translated region R(k + @), which is used to describe the
interaction between two distinct material points in the nonlocal energy. We note that Proposition 3.3
proves the weak convergence based on A1 and A2, but the strong convergence is assumed in A3.
Thus, Proposition 3.3 is intended to provide the intuitive justification for the assumption.

Assumption 3.3 ((A3) Strong finite-volume field convergence). Let h and hr be defined by
Equations (16) and (18). For every fived € Q and almost every w € Z, as R =2n+ 1 — oo,

|:hR($, R£7 Cd) - h(x7 R£7 w)
Ve

- | — vigpae) (33

strongly in L*(Q;R3). In addition, for every fired k € 72\ {0},

vg |:hR($, Rﬁ»‘«u)

| s Vitglp(a)(© (349)

strongly in L*(k + Q;R3).

10



3.2 Key consequences

Proposition 3.1 (Deterministic effective polarization). Under A1, for every fized = € Q,

pr(z,w) — p(x) (35)
almost surely in w and in L*(Z;R3).

Proof. Because the lattice is countable and the action is measure preserving, Equation (27) holds
simultaneously in all cells for almost every realization. Using Qr = (Jj¢ IR(k +Q),

Pr(T,w) 3Z/k+s (x,s,Trw)d 3Z/sp:csTkwd (36)
kelg kelgr

where the term with k vanishes by cell neutrality A1l. The cell-dipole observable belongs to
L?(Z;R3) by A1. Applying Theorem 2.1 to F(w) = fQ s p(x, s,w)ds gives the stated almost-sure
and L?(Z;R3) convergence to p(x). O

Proposition 3.2 (Microscopic Poisson equation and field integrability). Under A1-A2, h = G xp
satisfies
_Ayh(wayaw) = p(w,y,w) in D/(R3) (37)

for every fized x and almost every w. Moreover,
EU |Vyh(w,s,-)2ds} < oo. (38)
Q

Proposition 3.3 (Weak finite-volume field limits). Let h and hgr be defined by Equations (16)
and (18). Under A1-A2, for every fized x € Q and almost every w € =,

ve M| L Hglpae) (30

weakly in L*(R3;R3) as R =2n+ 1 — co. Moreover,

[hR(l’, RE,w) — h(meEM)}

Ve - — VHqlp())(€) (40)

weakly in L*(Q;R3).

Propositions 3.2 and 3.3 are proved in Section B. Proposition 3.3 identifies the weak limits of the
finite-volume fields that enter the local and nonlocal energies, while A3 assumes the corresponding
strong convergences.

Remark 3.1 (Admissibility of A2). For a deterministic periodic neutral charge density, A2 follows
directly from the Fourier representation, as shown in Section 5.1. For random perturbations, the
existence of the lattice-stationary convolution depends on the perturbation law; it is established for
the model in Section 5.2.

11



4 Two-scale limit of the electrostatic energy

The two-scale limit is taken in two steps. First, /e — 0 with ¢ fixed. As mentioned in Section 2.1,
the sequence is ¢ = ¢/(2n + 1) and R = R., = ¢/{ = 2n + 1 throughout the article. Second,
€ — 0. The limits below are understood in this order: for each fixed €, the inner almost-sure limit is
first identified with a deterministic quantity, and the ordinary limit € — 0 is then taken for these
deterministic quantities. The following theorem is the main result of this work, and its proof is
given in the two subsections below.

Theorem 4.1 (Continuum limit of the electrostatic energy). Let A1-A8 hold. Let py denote the
extension of p by zero outside Q, and let ¢ € H'(R3), unique up to an additive constant, satisfy

V¢~V¢dm:i/ po-Vipdx  for every ¢ € HY(RY). (41)
R3 R3

Then, for almost every w € =,

L oc 1 _ - 1
i Jim £5) = 5 | E[ /Q p(m,s,oh(x,s,-)ds} do+ g [ Ipfdz, (12)
and . )
lim lim EX7°(w) = = %_—/ ?de. 4
i Jim &%) = 5 [ Vol — ¢ [ pfda (13)
Consequently,
lim lim & 4(w) l/E / o(x, s, )h(x,s,-)ds| dx + 1/ IVo|* dx (44)
w) == . . = .
€l0 ¢/]0 et 2 Ja QP T T 2 Jgrs

All three limiting energies are deterministic.

Proposition 4.1 (Dipole-kernel representation of the nonlocal energy). The nonlocal energy in
Equation (43) satisfies

1 1 1
2/R3 ’v¢|2d;‘c—6/9’p2dm:2pv/Q/QK(m_x’) p($)®p(af3/)dm’dm (45)

The proofs of Theorem 4.1 and Proposition 4.1 are given in the next two subsections.

4.1 Analysis of the local energy

Changing variables r = fy and v’ = £z in Equation (10), and using G({(y — z)) = {'G(y — z),
gives

ocC ocC €
gi‘,ﬁ (W) = Z 8361}% (93,0(}), R= Zw (46)
xee
where .
@) = om [ G- 2plepwip(ozw) dady

Qr JQRr (47)

1

= Tm /QR p(ma va)hR(m’yaw) dy

12



Using hr = h + (hg — h), we decompose the local energy density into two terms:

loc

1
€Rr (CB,w) = 3/ p(m,y,w)h(a;?y,w) dy
2R° g, )
+ ﬁ On p(w,y,w)[hR(:r:,y,w) *h(fli,y,w)} dy

Using the fact that Qg is the union of the cells k + @ for k € Ir, we can rewrite the first term
in Equation (48) as a sum of stationary cell averages:

1 / 1 _ -
— phdy = — / plx, s, Tpw)h(x, s, Tpw) ds, 49
R’ Jo, R3 kEZIR Q (49)

where we used the relations between p and p in Equation (7), and between h and h in Equation (17).
By Theorem 2.1, we have

1 _
i ; phdy — E[/Q plx, s, )h(x,s, )ds| . (50)
R

To treat the second term in Equation (48), we need the following two lemmas.

Lemma 4.1 (Cell polarization field). Under A1, for every fized @ and almost every w, there exists
P(z,-,w) € L*(Q;R3) such that

~Vs-P=p inQ, P.-ng=0 ondQ, (51)

and

/Qp(a:,s,w)ds:/Qsﬁ(ac,s,w)ds. (52)

Moreover, -
[P (z, w2 < Cllp(, -, )l r2(q)- (53)

Proof. For fixed @ and w, let ¢» € H'(Q) be the zero-mean solution of the Neumann problem
“Aw=p Vabng=0. [ wds—o.
Q

Such a solution exists because |, oP ds = 0 by A1, which is the solvability condition for the Neumann

problem. We set P = V9. Then Equation (51) follows directly, and the standard estimate for the
Neumann problem (|| P||z2 < ||[¢||g1 < C||p|l12) gives Equation (53). Finally, integration by parts

gives
/siﬁds:—/sivs-Pds:/Pids,
Q Q Q

which proves Equation (52). O

Lemma 4.2 (Extended polarization field and its weak limit). Under A1, let P be the cell polarization
field from Lemma 4.1, and define its cellwise extension by

P(z,k + s,w) := P(x, s, Trw), keZ® secqQ. (54)

13



Then, for every fized x and almost every w,

P(x,-,w) € Hy(div; R?), (55)
and
*vy ' P(:B, va) = p(w7 Y, OJ) mn D,(Rg) (56)
Moreover,
P(z,R-,w) — p(x) weakly in L?(Q;R3) (57)

as R=2n+1 — oo.

Proof. Since P -ng =0 on dQ, the normal component of the cellwise extension vanishes on every
cell boundary. Thus no interface terms arise in the distributional divergence, and, for fixed « and
almost every w,

_vy ’ P(w,y,w) = p(a:,y,w) in D/(Rg)

Together with the local L? integrability of P and p, this gives P(x, -, w) € Hjoc(div;R3).
To prove Equation (57), let ¢ € C1(Q;R3). Since Qr = Uker, (kB +Q),

/QP(a:,Rg,w £)de = — Z/Pa; 5, Thw) <"’£S> ds.

Since ¢ € C1(Q;R3) and Q is bounded,

(45 ()5

uniformly in k € I'r and s € Q). Hence

/QP(a:,Rg,w £)de = R3 > [/ P(x,s, Tiw)d ] <Z> + 7R, (58)

where

|TR| Z/|P $,S,Tkw |dS

kelr

E[/Qm(w,s,-)\ds} < 0,

and therefore the ergodic theorem implies that the average in the last estimate remains bounded
almost surely. Thus

By Equation (53),

rp — 0.

Moreover, by Equation (52),

o)~ 2] [ po.n 0] =] [ Ploun101]

Hence the weighted ergodic theorem Corollary 2.1 gives

Ri [/Pac s, Tpw) ds ] -¢<Z> —>p(m)-/Q<p(£)d£-

kelg

14



Combining this with Equation (58) proves the desired convergence for smooth test fields.
Finally,

|P(x, R -, )HL?(Q) R3 Z / |P(x,s, Tpw)|* ds
kelr

is bounded almost surely by Equation (53) and Theorem 2.1. Density of C1(Q;R?) in L?(Q;R?)
then yields Equation (57). O

Continuing with the limit of the second term in Equation (48), we define the scaled potential

correction hr(x, RE,w) — h(z, RE,w)
x, ,w) — Z, y W
UR(ma 57 (,U) = K R '

The change of variables y = R€ and Equation (56) gives

(59)

1

]%3/62 p(x,y,w)[hR(w,y,w) - h(mava)] dy = /QP(xaRng) ! V§UR(ma£7w) dE (60)

Note that there is no boundary term because Qi is a union of complete cells and the normal trace
of P vanishes on every cell boundary.

The first factor in Equation (60) converges weakly by Equation (57) in Lemma 4.2, while the
second converges strongly by the assumption A3. Therefore,

;3/@ p(a,y,w)[hr(z, y,w) — bz, y,w )]dy—>/ ) - VHg[p()] dé. (61)

For the unit cube, Section C shows that
L
na VHqlp]d€ = S |pl". (62)

Hence, combining Equation (50), Equation (61), and the identity above, we have, for every fixed
x € ) and almost every w,

1

elgc(w,w) m €loc(x) 1= iE [/Q p(x, s, )h(x,s,) ds] + é]p(ac)\z (63)

Proposition 4.2 (Limit of the local energy). Under A1-A3, for almost every w,

lim lim €% (w) = ;[)E[/@p(m,s,.)ﬁ(m,s,-)ds] d:l:+é/9|p(ac)|2dac. (64)

€10 £/¢l0

Proof. Fixe > 0. The set € is finite. Hence, intersecting the almost-sure sets on which Equation (63)
holds for € €. gives a set of probability one on which

lim Sloc Z e%€loc (@
e/E\LO e,

By A1-A2, e is continuous on 2, and hence uniformly continuous and bounded. Let

o= | J (z+ Qo).

xee
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Since |eQ| = €3,

Z ESeloc(m) - / eloc(2) dz‘ <9 sup |e10c(2) — €loc(®)| — 0.

xe, QF z,z€Q
|z—z|<V3e/2
Moreover, since {2 is Lipschitz, .
2\ Q] — 0,
and hence
/_ . €loc dz — / €loc dz| < ||eloc||L°°(Q)|Q \ Qiant| — 0.
Qin 0

Therefore,

lim lim £°¢(w) = / €loc(z) dz.

€0 ¢/210 E,Z( ) 0 loc( )
Substituting the definition of e}, from Equation (63) gives the desired result. O

4.2 Analysis of the nonlocal energy

For fixed e, the first limit replaces the microscopic interaction between two material points by the
interaction between uniformly polarized cells. This follows from A3 and the weak convergence of
the cell polarization field. The limit € | 0 is then obtained by relating the resulting polarized-cell
energy to the electrostatic field generated by the effective polarization p.

Proposition 4.3 (First-scale limit of the nonlocal energy). For fixed ¢, define

gcell - 1
e -

5 2 & Ba-ay:(p@)p(x)), (65)

x,x’ €0
T#x’
where By, is defined in Equation (22). Under A1-A3, for almost every w € =,

Jim 09 (w) = £ (66)

Proof. Fix € and two distinct material points &, 2" € €., and write ' = x + ¢k for k € Z3\ {0}.
With r = ly, v’ = {z, and R = ¢//, the corresponding term in Equation (11) becomes

/ / P, w)pl (a7, w)G(x 4+ r — ' —r')dr' dr
eQ Je@

3 (67)
£
— =i [ | 6= Rop(y.o)el, 0) dyds = 2 Brafe.alw)
Qr JQRr
where Bp, is defined in Equation (21).
We next determine the limit of Bg . From the definition of Bg s, we have

1

Bri(z,z',w) = R?’/Q p(x', z,w)hgr(x, z + Rk,w) dz. (68)
R

Let P be the extended cell polarization field from Lemma 4.2. Since

—V. Pz, z,w) = p(a, z,w)
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and P -n = 0 on the boundaries of the microscopic cells, integration by parts over Qr gives

1

8 P(z',z,w) -V hgr(x, 2 + Rk,w)dz.
Qr

Bprk(x, ' w) =

Setting z = R and using the chain rule gives

k
Brate.alw) = [ Plal,Rew) - ve [MUETEL R g (69)
Q
By Lemma 4.2,

P(x',R-,w) — p(z') weakly in L?(Q;R?). (70)

The second part of A3, applied on k + Q, gives

hr(z, R(E+ k),w
v |PEHEERL)] L ttglp(aie + ) ™)

strongly in L?(Q;R?). Therefore, Equation (69) and the weak-strong convergence give
Brataa') — [ pla!)- VHolp(@)(& + k) de (72

The right-hand side is precisely the polarized-cell interaction. Indeed, using the weak equation
for Hi1g[p(z')] in Equation (22), we have

Bi(p(x), p(z')) = o VHq[p(z)] - VHeiqlp(a')] d€ = k+QP(93’) - VHg[p(z)] dg

- /Q p(a') - VHg[p(x)](€ + k) dé.

Hence
Bry(z, z',w) — Bi(p(z),p(z')). (73)
Substituting Equation (67) into Equation (11) gives

1
ELF°(w) = 5 > EBraa)e(@ 2 w).
x,x' €Q.
T#x'

For fixed e, this is a finite sum. Therefore Equation (73) may be applied simultaneously to all pairs,
and passing the limit through the sum gives Equation (66). O

Proposition 4.4 (Limit of the nonlocal energy). Under A1-A3, for almost every w € E,

1 1
lim lim EMoc(w) = = 24 —/ 24 74
i Jim €27°(w) = 5 [ (V0P de— ¢ | p(a)da. (9

where ¢ is defined by Equation (41).
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Proof. By A1 and Equation (15), p is continuous on §. In particular, its zero extension py belongs
to L2(R3;R3). Therefore the weak problem Equation (41) has a solution ¢ € H L(R3), unique up to
an additive constant.

Let p. be the piecewise-constant polarization

ps(z) = Z p(w)Xm+€Q(z)' (75)

xe)e

Using |z — x| < V3¢/2 for z € « + £Q, we obtain

= = Pol72eey < 121 sup_ [p(@) = ()P + [plieo) |2\ U (w+€Q)‘-
x,z€0 ISR
lz—2|<V3¢e/2
It follows that
P: — Do strongly in L?(R? R3). (76)
Let ¢. € H'(R?) satisfy

/ Ve - Vipdz = / p.-Vipdz  for every o € HY(R?). (77)

RS R3

Subtracting Equation (41) from Equation (77) and taking 1) = ¢. — ¢ gives

IVge = Vol 72ms) = / (P —po) - (Vo — V@) dz < [|pe — pollL2@®s) | Vb — VO 12(R3)-

R3

Therefore,
V¢. — V¢ strongly in L*(R3;R?). (78)

We next relate the field energy of ¢. to £ By Equations (75) and (77), for every ¢ € H*(R?),

/Rgvgzsg-wdz: Z/w p(x) - Vi dz. (79)

zeq. 7 T+
For fixed « € Q., use the weak equation for Hg[p(x)] with
(&) = (x + £§).
Since Ve¢n = eVyp(x + €§),

VHolp(@)|(€) - Vib(a + e€) dE = /Q p(x) - V(@ + <€) dE.

RS

Changing variables z = x + €€ gives

VHolp@] (227) - Vulz)az = [ ple)- Vol as

R3 +eQ

Summing over x € . and comparing with Equation (79) yields

Vo.(z) = Y VHg[p(z)] <z — “’) in L2(R3; R3). (80)

e
xee

18



Using the preceding representation of V¢, and expanding the square in % Jgs |Vo.|?dz, we
obtain a double sum indexed by x and x’. Its diagonal terms have & = x’, and its off-diagonal
terms have « # @’. Set k = (2’ —x)/c and z = & + €. An off-diagonal term can then be written as

[ valpta) (27 - Viglp(e)] (227 ) as

=< [ VHolp(@))€) - VHolp(a)](€ ~ k) d€ = *Bu(p(a). p(a)).

by Equation (22). For the diagonal terms = ', the same change of variables and Equation (130)

give
1 z—x\ g3 g3
5 L |[VHap@] (225) | 4z =5 [ IV Holp(@)? g = 5 lpta)
R3 3 2 R3 6
Consequently,
1 1 1
5 /3 |V¢5|2dz = 5 Z €3B(m’—m)/e(p(m)>p(wl>) + 6 Z g?’yp(a;)|2
R x,x' €Qe e
w?ém (81)
5ce11+ Z 3|p
weﬂ

By Equation (78),

1

1
/ |V¢€]2dz—>/ IVo|? dz.
2 RS 2 R?’

Since p is continuous on €, the Riemann-sum limit and |Q \ Q"] — 0 give

> &p(w) —>/Ip ) da.

xee

Combining this limit with Equation (81), we have
1 1
li 5%“:/ Vo2 d —/ % da. 82

Together with Equation (66), this proves Equation (74). O

Proof of Proposition 4.1. Consider the ¢ defined in Theorem 4.1. We take 1) = ¢ in Equation (41)
to get

/ IVo|* da = / po - Vo de. (83)
R3 R3
The weak equation Equation (41) is equivalent to
~Ap=-V-py inD'(R?). (84)
Using the Fourier transform identities
FIVA) =& FIf1(€),  FI-Af(E) = EPFIfIE)
in Equation (84) gives

£0¢
€7

FlONE) = —iS-  Flpol(€),  FIVol(€) =

€| F[po](€), £#0. (85)
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Since —AG = g, we have |£]2F[G](€) = 1 and F[-V3G](€) = & ® £/|€]?. Comparing this with
Equation (85) gives
Vo = (-V2G)*py  in L*(R%R?). (86)

Using Equation (133), we obtain
1 - 72(m3. 3
V(Z):p.v.(K*po)—l—gpo in L“(R”;R?). (87)

The kernel K is homogeneous of degree —3, smooth on the unit sphere, and has zero spherical
mean. Hence it defines a Calderén-Zygmund singular integral operator on R3. In particular, the
truncated operators

/ K(z — x')po(z’) dz’
|e—ax'|>0

converge in L?(R?; R3) as § | 0, defining p. v.(K *pg); see [38, Chapter II]. The same singular-integral
estimate is used for the dipole kernel in [16, Section 6].
Substituting Equation (87) into Equation (83) gives

1

1 1
/ |Vo|? de = p.v./ K(x—2'): po(x) ® po(z') dz’ dz + / |po|? de.
2 Jps 2 R3 JR3 6 Jgr3

Since pg is the extension of p by zero outside {2, we have

1 1 1
/ IVo|* da — / Ip|? de = p.v./ / K(x—2'):p(x)®p(x)dz dz,
2 Jrs 6 Ja 2 alJa

which proves Equation (45). O

4.3 Interpretations of the results

The local and nonlocal limits retain different information about the microscopic random field. The
first term in Equation (42) is the ensemble average of the microscopic Coulomb energy and therefore
retains the statistics of the charge density. The second local term is the depolarization energy
associated with the finite cubic material point.

By contrast, the nonlocal limit depends only on the effective polarization p. Microscopic random
fields with different local statistics but the same effective polarization therefore have the same
continuum nonlocal energy. The cubic self-term in the potential representation of the nonlocal
energy is —% Jo |p|?, which cancels the corresponding +% Jo |p|? contribution from the local energy.
The total continuum energy consequently consists of the ensemble-averaged microscopic cell energy
and the macroscopic field energy.

This separation gives a precise limitation on continuum descriptions based only on polarization.
Such descriptions determine the long-range field energy, including its dependence on bound charge
and the specimen boundary, but do not determine the microscopic ensemble-averaged cell energy.
The distinction is consistent with the role of depolarizing fields and polarization fluctuations in finite
systems [30] and with dipolar discrete-to-continuum limits in which lattice regularization produces
local corrections in addition to the macroscopic field [16, 26]. Here the local correction is derived
from the underlying random charge density, and ergodic averaging makes both parts of the limiting
energy deterministic.
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5 Examples

We consider two special cases of the general framework. The first is a deterministic periodic charge
density and connects the present result with existing continuum descriptions of periodic ionic
crystals. The second is a lattice-stationary model in which the charges undergo independent cellwise
random displacements about their mean positions.

5.1 Periodic charge density: deterministic case

Let = = {wp} with P({wo}) = 1 and Tkwo = wp for every k € Z3. Let pper : Q x @ — R be such
that & — pper(z, -) is continuous in L*(Q), and assume that the profiles are uniformly bounded and
supported in a fixed compact subset of (). Set

p(x, s,wo) = pper(x, s), /Qpper(a:, s)ds = 0. (88)
Then

P(fB, k + S,Cd()) = pper(xa S)a (89)

so A1 follows immediately. The effective polarization is
p(x) :/ pper(x, 8)s ds. (90)
Q
We next write the Fourier series of the periodic charge density as
Pper (T, 8) = Z ﬁk(m)e%ik's-
keZ3

Neutrality gives po(x) = 0. The lattice-stationary Coulomb potential in this periodic setting is the
zero-mean periodic solution

Pk(Z) orik.s
1
2rk2C o1

hper(x,8) = Z

kcZ3\{0}

which satisfies —Aghper = pper and gives h(z, s,wp) = hper(x, s). Equivalently, this gives the
distributional Coulomb convolution G * pper With the zero Fourier mode fixed to zero.
Since |k| > 1 for k € Z3 \ {0}, Parseval’s identity gives

, |Pr() | 1
. . <
rper(@, Moy = D 2mk[4 — (2m)
kez3\{0}

4prer(w7')”%2(Q)' (92)

Because = consists of a single point, L?(Q x Z) = L?(Q). Moreover, applying the same estimate to
the difference at two material points gives

1
ther(ac, )= hper($/> ')||L2(Q) < W\Ipper(w, ) = Pper(fB,, ')HL2(Q)- (93)

Thus hper is continuous in z as an L?(Q)-valued field. Together with the Cauchy—Schwarz inequality,
Equations (92) and (93) also imply continuity of

wb—>/ Pper (T, 8)hper(x, ) ds.
Q
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Hence A2 holds.

It remains to verify the strong finite-volume limits in A3. For a single periodic cell, compare
its electric field with the field VHq[p(x)] generated by a uniformly polarized cell having the same
dipole moment. The difference has zero total charge and zero dipole moment, and therefore its field
decays as |y|~*. Consequently, its lattice translates are absolutely summable. This gives

- [hR(zc, RE,wp) — hper(x, RE)
¢ R

strongly in L?(Q;R3) and, for every fixed k € Z3 \ {0},

vg |:hR(a:7g£7 WO)

strongly in L?(k + Q;R3). The estimates are given in Section D.1. Thus A1-A3 hold for this
periodic class.
The local energy density is therefore

}eV%mwm> (1)

| — vigp@e) (95)

e (x) = ;/Qpper(a:, S)hper(x, 8) ds + é\p(az)]Q (96)
The resulting continuum energy agrees with the formal periodic limit in [24]: its first term is the local
microscopic electrostatic energy, and its second term is the macroscopic field energy generated by
the polarization. The recent two-scale analysis in [35] further shows, for periodic dielectric crystals,
how the bulk polarization associated with a chosen unit cell is accompanied by the corresponding
boundary charge. Our fixed reference-cell convention selects one such representation.

5.2 Random perturbations of charges from their mean positions

We next consider an analytically tractable model of independent cellwise random displacements.
Independently perturbed lattices provide a standard stationary and ergodic stochastic-lattice
construction [4, 5, 14]. Our model assigns a neutral collection of charge profiles to each cell
and allows the profile shapes and displacement statistics to depend on the macroscopic variable
x. The independence assumption is not derived from equilibrium lattice dynamics; it defines a
tractable reference class for which the hypotheses of the continuum-limit theorem can be verified.
Displaced-structure ensembles and ionic-crystal simulations motivate random perturbations about
mean positions, although the corresponding physical displacements are generally correlated across
cells [44, 15]. Let N, denote the number of charge profiles in each cell. For each k € Z3, let

uk(iL', W) = {uk,a(ma w)}gél

denote the collection of random displacement fields in cell k. Assume that these collections are
identically distributed and that {ug}czs is independent. Displacements of different charges within
the same cell may be correlated. We assume that ug (-, w) is continuous in x. Let ¢, and a,
denote the charge and mean position of charge a, with

Ne
Z qo = 0. (97)
a=1

Let 74 : © x R? — R be continuous in & and smooth with compact support in its second argument,
with

/ No(x,s)ds =1, / S$Na(x,s8)ds = 0.
R3 R3
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Assume that there exists § > 0 such that the displaced profiles remain a distance of at least J from
0Q, uniformly in x, k, and w, i.e.,

dist(supp [na (a:, C— Qg — uka(w,w))] ,BQ) >4 for every € QO k € Z3,w € E.
Define

Ne
plx,s,w) = Z daa (m, s —agq — uoya(m,w)). (98)
a=1

On the corresponding product probability space, Ty, shifts the cell variables. The action is measure
preserving and ergodic. The support and normalization of 7, give

Nc
/Qﬁ(m, s,w)ds = Z o =0 (99)

a=1
for every realization. Similarly, using the zero first moment of 7,,

Ne

/ sp(x,s,w)ds = Z o (@a + v o (T, w)). (100)
Q a=1
The effective polarization is therefore
Nc
P(@) = o (aa + Eluga(,))). (101)
a=1

Thus the dipole moments of individual cells fluctuate, while their large-volume average is deterministic.
In particular, for centered displacements,

N¢
P(T) = Gala, (102)
a=1

which is the polarization of the unperturbed periodic configuration.

The assumptions of the continuum-limit theorem can be verified for this model. Exact neutrality
and the assumed continuity in « give A1l. To verify A2, we separate the charge density into its
mean profile and independent centered cell fluctuations. Neutrality gives dipole-order decay of the
corresponding cell potentials, while independence makes the centered contributions square summable
in L?(Q x Z). For A3, the mean field satisfies the periodic finite-volume limits, while the rescaled
contribution of the centered fluctuations vanishes almost surely. The verification of A1-A3 is
completed in Section D.2.

The example also illustrates the different information retained by the two parts of the limiting
energy. For centered displacements, the effective polarization, and hence the macroscopic nonlocal
energy, are unchanged from the unperturbed periodic configuration. The local energy density,
however, consists of

1 _ - 1
@) = 35 [ ple.s. (e ds] + glp(o)l (10)
Q
The ensemble-averaged term retains the displacement statistics, whereas the polarization term is

unchanged by centered displacements. Random microscopic fluctuations can thus change the local
electrostatic energy without changing the macroscopic polarization.
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The periodic setting considered in [24, 35] is recovered when the displacements vanish. Here,
different cells in the same realization may instead have different charge profiles and dipole moments,
while ergodicity produces a deterministic continuum polarization. The separation between the
deterministic continuum polarization and the fluctuating cell dipoles is related to the distinction
between macroscopic dipole fields and fine-scale dipole oscillations in [16, 26, 33]; in the present
setting, however, the fluctuating dipoles arise from an underlying random charge density.

6 Conclusions

The continuum limit shows that ergodic averaging does not remove all dependence of the electrostatic
energy on microscopic randomness. For interactions between distinct material points, the fluctuating
cell dipoles reduce to the deterministic effective polarization. Interactions within a material
point instead retain the ensemble-averaged microscopic Coulomb energy. The cell-depolarization
contribution associated with the cubic decomposition belongs only to the local-nonlocal partition:
its equal and opposite terms cancel in the total energy. The resulting total continuum energy
combines the ensemble-averaged microscopic cell energy with the macroscopic field energy.

The periodic specialization recovers the energy obtained in [24], while the random-displacement
model verifies A1-A3 for a nonperiodic class. Centered cellwise displacements in the latter model
can change the local and total energies without changing either the effective polarization or the
nonlocal energy. A continuum description based only on effective polarization therefore misses the
energetic effect of those microscopic fluctuations.

The theorem applies to stationary and ergodic charge fields satisfying A1-A3, but the explicit
verification for the random-displacement model uses independence across cells. Correlated dis-
placement fields require a separate verification of the finite-volume assumptions. Temporal charge
dynamics and material-point geometries other than the fixed cube used here are also outside the
present analysis.
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A Ergodicity of the lattice action: Proofs

Proof of Theorem 2.1. We derive the result from the Birkhoff ergodic theorem for R3-parameterized
dynamical systems [20, Theorem 7.2].
Introduce the enlarged probability space

E::EXQ, ]@::P®£3}Q.

Since |Q| = 1, Pis a probability measure. For every y € R3 and s € @, define ky(s) € Z* and
Ty(8) € Q by the unique decomposition

s+y =ky(s)+1y(s). (104)

The map ky(s) gives the lattice cell containing s + y, while 7, (s) gives its coordinate within the
reference cell. Define

Ty(w,s) = (Tky(s)w,Ty(s)) . (105)
We first verify the group property. Applying Equation (104) successively with z and y gives

s+ z=ky(s)+ 7:(s)
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and
Tz(s) +vy= ky (Tz(s)) + Ty (Tz(s))'
Adding these identities yields
S+y+z=ky(s)+ ky(r=(s)) + 1y (72(s)).
By uniqueness of the decomposition into a lattice coordinate and a reference-cell coordinate,

ky1=(s) = k=(s) + ky(7=(s)),

ryia(s) = 7y (72(5). (106)

Using Equations (6) and (106), we obtain

T, (T (w, s)> Ty (Th sy, 7=(3))
= (Tiey (72(5)) Thea () Ty (7=(5)))
z(s)W s Ty+2(8 ))

= Tty
= Tysz(w, s).

Also, B
To=1d.

Therefore, {T, y}yers is an R®-parameterized action.
We next verify that the action preserves P. For fixed y € R? and k € Z3, define

Ex(y) :={s€Q: ky(s) =k}.
The sets Eg(y) form a disjoint partition of Q. On Eg(y),
Ty(s) =s+y—k.

Moreover, the sets
Be(y) +y—k, = keZ’

also form a disjoint partition of Q.
Let ® € L'(Z). Using the measure-preserving property of T} and the change of variables

t=s+y — k, we obtain
/ / s)) dP(w)ds

/ ¢ (Tyw,s +y — k) dP(w)ds

/ / B(w, t) dP(w) dt
ke73 Ek(y +y—k

_i/ngw@a.

1]

Thus, Tvy preserves P.
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Finally, we verify ergodicity. Let ® € Ll(é) satisfy

P (Ty(w,s)) = P(w,s) (107)

!

for every y € R3 and almost every (w, s) € .
For y = k € Z3, we have

and therefore N
Tk(w7 S) = (Tkwa 3)'

It follows from Equation (107) that
O (Tpw, s) = P(w, s)

for every k € Z and almost every (w, s) € Z x Q. Since Z3 is countable, Fubini’s theorem implies
that, for almost every fixed s € @,
O(Tpw, s) = P(w, s)

for every k € Z3 and almost every w € Z.
Fix such a value of s and define
Dy(w) := P(w, s).

Then & is invariant under the original lattice action:
O (Tpw) = Pg(w)

for every k € Z3 and almost every w € Z. To see why ergodicity implies that ®, is constant,
consider, for any a € R, the measurable set

Ay(s) i={w e Z: Pg(w) > a}.

The invariance of &g gives
Tk_lAa(s) = A,(s)

for every k € Z3. By ergodicity of the original lattice action,
P(Aq(s)) € {0,1}.

Since every level set of &5 has probability either zero or one, &5 must be constant almost surely.
Hence, for almost every s € @, there exists a number ¢(s) such that

O(w,s) =c(s) (108)

for almost every w € =.
Substituting Equation (108) into Equation (107) gives

c(Ty(s)) =¢(s) (109)

for every y € R? and almost every s € Q. By Fubini’s theorem, Equation (109) holds for almost
every (s,y) € @ x Q. Hence, for almost every s € @,

o(s) = /Q e(ry(8)) dy = /Q o(t) dt.
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In the last equality, we used that y — 7,(s) is translation modulo 73 and therefore preserves
Lebesgue measure on ). The right-hand side is independent of s, so ¢ is constant almost everywhere.
Consequently, every invariant function ® is constant almost everywhere, and the extended action is
ergodic.

Define

f(wa S) = f(w)
Theorem 7.2 of [20], applied to f and |f], gives, for almost every (w, s) € Z,

1 ~
s / f(Ty(w, s)) dy — E[f]. (110)
Qr
For fixed w, define the piecewise-constant realization
F(k+1t):= f(Tpw), keZ® teq.

For R = 2n + 1, the decomposition
Qr=lH (k+Q)
kelp
gives
1 1
5 2 0w = o [ Ry (111)
kclp Qr
On the other hand,

f(Ty(WaS)) = F,(y +s),

and therefore
1 1

RS/QR J?(Ty(w,s)) dy = R3/QR+3FW(y) dy.

Since s € @, the sets Qr and Qr + s differ only in a boundary layer of fixed thickness. The
volume of this layer is of order R?, whereas |Qg| = R3. Applying Equation (110) to |f| shows
that the contribution of this boundary layer, divided by R?, converges to zero. Consequently, the
averages over Qr and QQr + s have the same limit.

By Fubini’s theorem, for almost every w € =, there exists s € @ for which the preceding
convergence holds. Combining it with Equations (110) and (111) gives

. 3 i(Ts) — £l1)
For the L? convergence, let e, es, e3 be the standard basis of Z3 and define
Ujf = foTe,, 7=1,2,3.
For R = 2n + 1, the lattice average can be written as

1 & 1 &
meOT’“:H<2n+1 > Uj>f'

kelg j=1 m=—n

—_
—

The mean ergodic theorem shows that each factor converges in L?(Z) to the projection onto the
functions invariant under Te,. Since the three transformations commute, their product converges to
the projection onto the functions invariant under every 7. Ergodicity implies that such functions
are constant. The limiting constant is therefore E[f]. O
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Proof of Corollary 2.1. For fixed w, define the piecewise-constant realization
fulk 4+ 8) = f(Trpw), keZ® seqQ.
The mean-value statement used in the proof of Theorem 2.1 gives
fo(R-) = E[f]  in L*(Q;R™)

for almost every w € Z. Hence,

/Q a(m) fu( R) dn — < /Q a(n) dn> E{f). (112)
Using
Qr=l (k+Q)
keln

and the change of variables n = (k + s)/R, we obtain

[ atmrmmin =5 5 [ o (%) sreas

kelr
Therefore,
k
/ a(n) fu(Rn)dn — % da (R) f(Trw)
Q kelp
3 1
< wa (2@) 75 2 (T,
kelp
where
wa(d) := sup la(§) —a(n)|
&£meQ
|€—n|<d

is the modulus of continuity of a. Since a is uniformly continuous,

Wa <£> — 0.

Moreover, Theorem 2.1 applied to |f| gives

a2 3 1T — Bl

kelr

Thus, the difference above converges to zero. Combining this result with Equation (112) proves the
claim. 0
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B Regularity of microscopic potential / and weak finite-volume
limit of V(hr — h)
This appendix proves Proposition 3.2 and Proposition 3.3.

Proof of Proposition 3.2. The distributional equation follows from h = G * p and —AG = §g. By
Al1-A2,
h(x) '7("‘)) € L2 (R3)a p(ma '7w) € LIQOC(R?))

loc
for every fixed & and almost every w. Since
_Ayh(mvaw) = p(w,-,w) in D/(Rg)a
standard interior elliptic regularity implies

h(x,-,w) € HE . (R?),

and hence
h(ma '7("‘)) € Hl{)c(RS)'

Choose fixed radii 0 < r < R, such that
Q C B,(0) € Bg,(0).

The Caccioppoli inequality for the Poisson equation gives

/ (e, g, w)[ dy + / |p<w,y,w>|2dy], (113)
Ry (0) R« (0)

* *

[ Viheyw)Py <C
B, (0)
where C depends only on r and R,. Therefore,

/ Vyh(,y,0) dy < C / (@, y,w)|? dy + / p(@y,w)Pdy| . (114)
Q Bg, (0) Brg, (0)

Since Bp, (0) is bounded, it is contained in a finite union of lattice cells,

Br.(0) C [ J(kj +Q), Kk eZ.

=

1

J

Using lattice stationarity,

N
E/ h(z,y,)Pdy| <) E
! Bk, (0) Z

=1

JRCE" ->|2dy]
kj+Q

:NE/|h(:c,s,-)|2ds < 00.
L/ Q J

Similarly,
E

/ (e, y, -)\Zdy] < NE / p(x,s,)] ds | < oc.
Bg, (0) L/ Q i

Taking expectations in Equation (114) therefore yields Equation (38). O
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Proof of Proposition 3.53. Fix € Q and suppress x in the notation.
Define

R = Rp(R- w)xq- (115)
For ¢ € C°(R?), cell neutrality gives

(1R ) = 53 Z/ (s, Tiw) [ (k;?—w(;{;ﬂ ds. (116)

kelr

Taylor’s formula gives

(R, 0) = 53 Z V@( > / s p(s, Tew)ds + Rr, (117)

kelp

where

]T\’,R|7 R i Z/]ps Trw)| ds.
kelp

The last average is bounded almost surely by Theorem 2.1 and Al, so Rgp — 0. Applying
Corollary 2.1 to the cell dipole gives
pr— =V-(pxq)  inD'(R?). (118)

Set

V) - L)

A change of variables and the homogeneity of G give

(119)

Vr =G *x ug. (120)
Since the distributions g are supported in the fixed compact set @, Equation (118) implies
Vi — G+ [~V - (pxq)] = Holp]  in D'(R’). (121)

Let P be the cell polarization field from Lemma 4.1, extended to R? by Equation (54). Since
QR is a union of complete cells,

—A¢Vr = —Ve - [P(RE,w)xq(§)]  in D'(R%). (122)
The H! estimate for —Av = —V - F gives
VeVl L2@msy < |P(R-w)lr2(q)- (123)

By Equation (53) and Theorem 2.1, the right-hand side is bounded almost surely. Hence {V¢VRg} is
bounded in L?(R3;R3).

Every subsequence therefore has a further subsequence converging weakly in L?(R?;R?). By
Equation (121), the distributional limit of the gradients is VHg[p]. The weak limit is therefore
unique, and

Ve [im(%’“’)} — VHg[p](€)  weakly in L*(R*;R?). (124)

This proves Equation (39).
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Next set

Wr(§) == h(Ré’w)- (125)
By lattice stationarity, A2, and Theorem 2.1,
Wil = g5 [ WPy =5 | g [ nwPa] —o. a2
Qr Qr
Moreover,
IVeWalfa) = 5 [ [Vuh(w.) dy. (127)
Qr

By Equation (38) and Theorem 2.1, the right-hand side is bounded almost surely. Thus {V¢Wg} is
bounded in L?(Q;R3).
Let a subsequence of V¢Wpg converge weakly in L?(Q;R?). For every ¢ € C°(Q;R3),

/VgWprdﬁ:/WRVE-QDdS—)O
Q Q

by Equation (126). Hence every weakly convergent subsequence has limit 0, and therefore

Ve [h(RRg’“’)} —0  weakly in L*(Q;R?). (128)

Subtracting Equation (128) from Equation (124), restricted to @, gives

v, |Pre) SIS L e

weakly in L?(Q;R?), proving Equation (40). O

C Electrostatic identities

C.1 Depolarization identity for the unit cube

For q € R3, define the linear map
Doa = | VHalal€)dé.
For the coordinate vector e;, the equation

—AHglej] = -V - (ejxq)

gives

Hence, by Plancherel’s identity,

KiKj

I R A A
(Do) = s [, 3 o) (120
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Reflection symmetry of @) makes the off-diagonal entries zero, while invariance under permutations
of the coordinate axes makes the three diagonal entries equal. Thus

Dg =cl.

Taking the trace in Equation (129) gives

1 24 k242 1 N
o= o | T G k= o [T k= [ l€) g = 1Q1 = 1.

Therefore, Dg = I/3.
The weak equation for Hg|q] is

/ VHQ[q]-deE—/ q-ViydE for every ¢ € H'(R?).
R3 Q
Taking ¢ = Hgl[q| and using Dg = I/3 gives
1
|1V Halal* 46 = | a-9Holald¢ = a- Doa = flal* (130)

C.2 Distributional form of the dipole kernel

Because the dipole kernel has an |z|~3 singularity, it is not locally integrable at the origin and must
be interpreted as a distribution. This distributional treatment, including the Dirac contribution
associated with the singularity, also appears in lattice-dipole calculations; see [16, Sections 2-3]. We
have, for z # 0,

K(z) = ~V2G(z) = —— <1_3z® z ) |

~ drlz? ERa]l
We first note that K has zero spherical mean. Consequently, the principal-value distribution
associated with K is well defined by

(p.v. K, p) :=lim K(z): p(2)dz, @ € C°(R3; R3%3). (131)
010 J|z|>6

To see the convergence near the origin, write

The contribution of ¢(0) vanishes on every spherical annulus due to zero spherical mean of K, while

p(2) = (0)] < C2]

near the origin. Since |K(z)| < C|z|~3, the remaining integrand is bounded by C|z|~2 and is locally
integrable in R3.
For z # 0,
~V?G(z) = K(2).

Hence the distribution
—-V2G -p.v.K
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is supported at the origin. Both —V2G and p.v. K are homogeneous of degree —3. A distribution
supported at the origin is a finite linear combination of derivatives of dg, and 9%dg is homogeneous
of degree —3 — |a|. Therefore,

—V2G —p.v. K = Ady (132)

for some constant matrix A. The left-hand side of Equation (132) is invariant under rotations.
Therefore, A = cI for some constant c. Taking the trace in Equation (132) and using

—AG = do, tr K(z) =0 for z #0,

gives ¢ = 1/3. The same I/3 Dirac correction is obtained for the spherically truncated dipole field
in [16, Proposition 3.1]. Hence,

1
~V?G =p.v.K + 3100 in D'(R3R33). (133)

D Auxiliary results related to examples

D.1 Finite-volume fields for the periodic example

We verify Equations (94) and (95). Fix x € Q and suppress @ in the notation. Define the potential
and field generated by one microscopic cell by

U(y) := /QG(y — 8)pper(8) ds, F(y) :=VY(y). (134)
The cell is neutral and has dipole moment

p:/ 8 pper(8) ds.
Q

Let
D(y) := F(y) — VHqlp|(y) (135)

The two sources defining the fields in Equation (135) have the same total charge and the same
dipole moment. Taylor expansion of the Coulomb kernel therefore gives

[D(y) y¢Q, (136)

| < L

Tyt
where C is independent of . The assumed uniform support away from 9@ and uniform boundedness
of pper also give F € L2 (R?), while VHg[p] € L?(R?). Hence

loc

C
Dl L2e+q) < W’ e 7’ (137)

In particular, the lattice sum of D converges absolutely in leoc.
The uniformly polarized cells tile space, so their internal surface charges cancel. Moreover, if

D = VU, the zero charge and zero dipole of the source of U give U(y) = O(]y|~3). Hence

D(y)dy = lim U(y)n dS = 0.
R3 r—00 aBr
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The absolutely convergent lattice sum of D is therefore periodic, curl free, and has zero mean over
Q. Its divergence gives —Ahper = pper, and consequently

hper(y) = Y D(y — j). (138)
jez3
For the scaled cell Qr = RQ, define

Hg.lp|(y) := oo Gy — z)p-ngy(z)dS,. (139)

Equivalently,
—AHq, [p]=-V- (PX@r) in D/(R3)°

Since Qr = RQ and G is homogeneous of degree —1,

Hq,[pl(RE) = RHg[p)(§),  VHqg[pl(RE) = VHq[p)(§). (140)

For the finite block Q) g, linearity and cancellation of the surface charges on the internal faces of
the uniformly polarized cells give

Vha(y) =Y Fly—3) =Y D(y—j)+ VHq,[pl(y). (141)
JE€Ir J€IR

We first consider & € ). Combining Equations (138), (140) and (141) gives

Ve [hR(RE) —ther(Rﬁ)] VH| ~ Y D(RE - j). (142)
J¢lr
Let
ag := || D2 (e1q)-
By Equation (137),
ag < 1—1—6;@‘4’ Z ap < 00.

£0€73

For an observation cell i + Q C QRr, let d(¢) denote its lattice distance from the complement of Ig.
The triangle inequality gives

. m? C
ZD(‘—J) SZ‘%’J Oz)l+m4§1+d()

J¢ir L2(i+Q) J¢ir m>d(i

There are O(R?) cells at each fixed depth from 9Qg. Consequently,

2

C’ C
Rli¢ir d=0
By the change of variables y = R, Equations (142) and (143) proves Equation (94).
For the second limit, let k € Z3 \ {0} be fixed. From Equations (140) and (141),
hr(R .
ve [MUO]  Vngiplie) = Y- ke —4).  eck+a (144)

JEIR
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The interiors of Qr and R(k + Q) are disjoint. For an observation cell 7 + @ at lattice distance d
from Qg, Equation (137) gives, as above,

. c
> D(—j) STrd
Jelr L2(i+Q)

For fixed k # 0, there are at most CiR? observation cells at each distance d. Therefore,
Cp =1 o
D(y —j)| dy < — <= (145)
/ R(k+Q) ];‘; R Z (14 d)? R

Together with Equation (144), this proves Equation (95).

D.2 Fields for the random-displacement example
We verify the parts of A2—-A3 specific to Section 5.2. For each cell, write
pr(x, s,w) = p(x, s, Trw) = m(x, s) + pr(x, s,w), m(x, s) = E[p(x, s,")]. (146)

Exact cell neutrality gives
Elpu(x, 5,-)] = 0, / Pr(@, 5,w) ds = 0. (147)
Q

For fixed @, the fields {pg}rezs are independent.
Define the potential generated by the centered charge in cell k by

Vi(x,y,w) := /QG(y —k — s)pg(x, s,w) ds. (148)

Uniform confinement, boundedness, and neutrality give

C C

—_—, Vi r,Yy, S )
e

Vie(z, y,w)| < (149)

away from the source cell, with C' independent of  and k. Since E[Vj] = 0, independence gives
Zﬂm,fmw]czlﬂm (150)
kez?

The variables Vi(z, -, ) are independent and centered in L?(Q). Hence Equation (150) implies that

wa 7w § Vk €, : 7w
kez?

converges in L?(Q x Z) and almost surely in L? (Q). Applying the same argument on every translated
cell and taking a countable intersection defines he LlOC(RS) almost surely. The convergence in
L?(Q x Z) is unconditional, so reindexing the series under 7T gives

Tz(m,y+i,w) :ﬁ(m,y,Tiw), AWA

38



Adding the periodic potential generated by m gives the lattice-stationary potential required in A2.
The uniform estimates above and the continuity assumptions on 7, and ug o give continuity in « in
L?(Q x Z) by dominated convergence. Cauchy—Schwarz then gives the required continuity of the
local observable in A2. N N

It remains to verify A3. Let hr and h denote the finite- and infinite-volume potentials generated
by the centered fields. On @, the local correction has the exact representation

hi(x, RE,w) — h(x, RE, w)
R

Ve =— ) VVj(z, RE,w).

J¢lr

The summands are independent and centered as L?(Q;R?)-valued random variables, so their cross
terms vanish after taking expectation. Consequently, Equation (149) gives

ﬁR(maRsa') _E(waRga) ’

R

E

C
< —. 151
Ve <q (151)

L2(Q)

Indeed, for an observation cell at depth d from 0Q g, the sum of the squared fields generated by
exterior cells is bounded by

m? C
< .
C’Z 1+mb = (1+d)3

m>d
There are O(R?) observation cells at each fixed depth, which gives Equation (151) after division by
R3.
On a translated region k + (), the corresponding representation is

ER(w7 RE? w)

Ve 7

=) VVj(z, R¢,w).

J€lr

The same argument gives, for every fixed k € Z3 \ {0},

%R(waREV) :

E
R

Ck
< =k 152
Ve <3 (152)

L2(k+Q)

To obtain almost-sure convergence, set

XHg) i= —VV;(x, RE,"), j¢1r, £€Q,
X&) :=VVj(x,RE,"), jelr, €€k+Q.

Each family consists of independent centered L2-valued random variables, and its sum is the
corresponding field above. For either family, the fourth-moment estimate

E[YX;
j

The shell estimates used above also give

4 2

<C | DEIXGIZT ) + D ENIX;ze]
12 J J

C
> _sup || X;|72 < I
j wez
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where C is replaced by Cf for the translated family. Consequently,

2
o

< 2k
2
4 2 C
STEXG L) < (Y sup X512 | < o
j j WEE R

Substituting these bounds into the fourth-moment estimate gives

ER(vagf) _%(w7R£7 ) C
<
Hed (153)
ER(iB, R£7 ) Ck:
DR ISy ) < &
Bve R = R?
L2(k+Q) |

Fix x € Q and k € Z*\ {0}, and denote the two norms in Equation (153) by Z° and Zk,
respectively. For every § > 0, Markov’s inequality and the union bound give

oc — ocC C
P(25° > 5 or 7> 0) < 57 (BI(ZE)) + EI(Z5)) < 1y

Consequently, for every m € N,
> 1 1
1 k
ZOIP’<Z2‘;LC+1 > or Zoyp 1 > m) < 00.
n—=

The Borel-Cantelli lemma and a countable intersection over m € N therefore give, along R = 2n+1,

Ve [hR(ZB; RE’W)R_ h(z, R§, w) — 0 strongly in Lz(Q;R3) (154)
and ~
Ve W — 0 strongly in L?(k + Q; R?) (155)

almost surely. The mean profile m(x, -) satisfies the periodic hypotheses of Section 5.1. Combining
Equations (154) and (155) with Equations (94) and (95) proves A3.
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