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Abstract

Background. Hyperpolarized (HP) 13C-Pyruvate MR imaging provides unique information about metabolic
alterations indicative of the aggressiveness of certain cancer types. The information content of the HP-MRI data is
fundamentally limited by the physics and chemistry of specific processes that take place at an atomic scale during
a well-defined chemical reaction. The HP signal (magnetization of pyruvate and lactate) is a fixed resource that is
established at the polarizer and naturally decays over time, and cannot be renewed after injection. The signal is
further reduced with every radio-frequency excitation by the MR pulse sequence. Therefore, optimal experimental
design (OED) for data acquisition is fundamentally important. A key parameter of interest recovered from HP-
MRI measurements is the apparent pyruvate-to-lactate exchange rate, kPL, for measuring tumor metabolism.
This manuscript presents an information-theory-based OED approach that minimizes the uncertainty in the rate
parameter, kPL, recovered from the HP-MRI measurements.

Methods. Mutual information (MI) is a statistical property employed here to measure the information content
of the HP measurements with respect to the first-order exchange kinetics of the pyruvate conversion to lactate.
An optimal experimental design formulation based on the maximization of the mutual information as a function
of the MRI design parameters is proposed. The optimized MRI design parameters include flip angles of the pulse
sequence acquisition. Further, a spatially varying model (high-fidelity) based on the Block – Torrey equations is
proposed and utilized as a control for the OED formulation.

Results. Within the mutual-information-based optimal experimental design formulation, a time-varying flip
angle scheme is seen to provide significant differences in the flip angles compared to when excitation angles are
fixed to a constant value. The varying flip angle scheme leads to a higher parameter optimization that can further
improve the quantitative value of mutual information over the constant flip angle scheme. However, the constant
flip angle scheme leads to the best accuracy and precision when considering inference from noise-corrupted data.

Conclusion. Results suggest that the mutual information-based optimal data acquisition strategy is likely to
improve the precision of the measurements. For the particular MRI data examined here, pyruvate and lactate flip
angles of 35 and 28 degrees, respectively, were the best choice in terms of accuracy and precision of the parameter
recovery. Moreover, the recovery of rate parameter kPL from the data generated from the high-fidelity model
highlights the influence of diffusion and strength of vascular source on the recovered rate parameter. Since the
existing pharmacokinetic models for HP-MRI do not account for spatial variation, the optimized design parameters
may not be fully optimal in a more general 3D setting.

1 Introduction

The potential of hyperpolarized 13C-Pyruvate magnetic resonance imaging (HP-MRI) to characterize cancer biology,
predict progression, and monitor early responses to treatment is well known (e.g., [1–9]). Ongoing studies in
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prostate, brain, breast, liver, cervical, and ovarian cancer [1, 3, 4] have shown that HP 13C-Pyruvate MRI is safe
and effective. One of the central aspects of HP-MRI that make it appealing is the elevated chemical conversion of
pyruvate to lactate, even in the presence of oxygen, via lactate dehydrogenase (LDH), also referred to as the Warburg
effect [10,11]. The higher production of lactate has been shown to correlate with disease presence, the aggressiveness
of the disease (e.g., cancer and inflation), and response to therapy. The rate of pyruvate-to-lactate exchange (kPL) is
a crucial parameter of interest in locating aggressive disease and assessing the biological state of the tissue. HP-MRI
presents a unique opportunity to observe tumor metabolism in vivo [2, 3, 5, 6] and use this information to make
inferences about tumor aggressiveness and response to therapy. However, a recent white paper [3] highlights the
need for further development of spatial, temporal, and spectral encoding strategies that minimize uncertainty while
maximizing the efficiency of HP-MRI. An example of uncertainty is the variability of the reported HP measurements
in the literature [12–14]. In the present work, we develop an information-theory-based approach to determine the
optimal MRI design parameters, such as flip angles, with a goal of reducing the uncertainty in the recovered rate
parameter, kPL.

HP 13C-pyruvate MRI scans consist of several steps [3, 5]; first, a mixture is prepared consisting of 13C-enriched
metabolites ([1−13C]-pyruvate) and an electron paramagnetic agent (EPA) that mediates polarization buildup and
transfer. Using the Dynamic Nuclear Polarization (DNP) method, one of the atoms of the 13C-pyruvate molecule
is polarized heavily; [1−13C]-pyruvate means that the first carbon is labeled with the 13C isotope, which is visible
by magnetic resonance (MR). On the other hand, 98.9 percent of the carbon are 12C which has a spin quantum
number of zero and therefore can not be polarized or detected by MR. Once the mixture is processed to obtain the
hyperpolarized pyruvate, the temperature of the solution is brought to the body temperature and quickly injected
into the patient. Following the injection, the patient is scanned using a gradient echo pulse sequence to measure
the temporal evolution of the 13C-pyruvate and 13C-lactate (lactate produced from hyperpolarized pyruvate too are
visible in the scan) magnetizations. The artificial polarization of 13C-pyruvate (and 13C-lactate) decays rapidly, and
therefore the injection and subsequent MR scans must be performed quickly, within 100 − 160 seconds. One of the
critical reasons for using 13C-pyruvate is its compatibility; it is an endogenous substance that plays a central role in
catabolic and anabolic metabolism. The repetition time of the MR pulse sequence is limited by the number of slices
and relaxation (decay) of polarized molecules, typically above 0.5 and below 5−10 seconds. The key scan parameter
at each scan is the flip angle (or excitation angle); a larger flip angle provides a higher signal (the magnetization of
pyruvate and lactate) intensity; however, the signal that remains for the following scan is reduced. Therefore, the
choice of flip angles can impact the quality of data and, thus, the quality of the recovered parameter. There are other
design parameters that can be considered, for example, spectral encoding scheme, gradient trajectory, etc. However,
in this work, the flip angles for pyruvate and lactate are chosen as design parameters.

The time history of pyruvate and lactate magnetization within the imaging voxels constitutes the data of interest.
Together with a pharmacokinetic HP-MRI model, pyruvate and lactate magnetization data are employed to recover
the pyruvate-to-lactate apparent exchange rate, kPL; e.g., [2,15,16]. Accuracy and uncertainty in the recovered rate
parameter depend on the data’s information content and the pharmacokinetic model’s fidelity. This work aims to
determine the MRI design parameters that increase the information content in the data and reduce the uncertainty in
the rate parameter. The mutual information (MI) between the data and critical model parameters is utilized toward
this goal. Information theory and, specifically, mutual information provides a rigorous mathematical framework to
identify optimal MR imaging data and acquisition parameters that maximize image reconstruction quality. It offers
a quantitative methodology for optimizing acquisition protocols to improve reproducibility.

To verify the reduction in uncertainty of recovered rate parameter kPL using optimal design parameters, we gen-
erate synthetic data from low-fidelity pharmacokinetic and high-fidelity models. The high-fidelity model is obtained
using continuum mixture theory and includes two linear coupled partial differential equations for spatially varying
HP pyruvate and lactate in the tissue. It is shown that for data from both models, optimal design parameters reduce
uncertainty in the pyruvate-to-lactate apparent exchange rate, kPL.

The article is structured as follows: In Section 2 related work is reviewed. Section 3 presents the pharmacokinetic
and high-fidelity models used to produce data for verification of optimal scan parameters. The optimization of
scan parameters based on mutual information is discussed in Section 4. The results obtained from the proposed
model are presented in Section 5. In Section 6 some conclusions are drawn, and future directions are proposed.
The codes and relevant files to reproduce the results will be publicly available in the following GitHub repository:
https://github.com/prashjha/HyperpolarizedMRI.
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2 Related works

Formulating optimal HP acquisition strategies is challenging and tightly coupled with the analysis of appropriate
models of MRI physics. Semi-quantitative metrics such as the ratio of the integrals of the lactate-to-pyruvate signals
(area under the curve, AUC) are often preferred due to their simplicity. However, the lactate-to-pyruvate ratio is
biased by HP pyruvate in blood vessels that are inaccessible to enzymes that mediate conversion from HP pyruvate
to lactate. For example, if the vascular blood volume decreases by 10 percent in a region of a tumor, the lactate-
to-pyruvate ratio could increase even if the true metabolic state of cells does not change. The lactate-to-pyruvate
ratio is also affected by the excitation scheme. Small flip angles consume less pyruvate magnetization and permit the
signal pool to remain longer for the conversion to lactate. The potential for variability is realized in the literature.
In applications to brain cancer (glioma) Grist [12] reports a lactate to pyruvate ratio of .25 ± .08 and .22 ± .06 in
white matter and gray matter, respectively. Lactate-to-pyruvate ratios greater than 1.0 are reported in [13] in gray
matter. Lactate-to-pyruvate ratios in white matter of 0.43 ± 0.14 (32-channel) were reported in [14].

The information theoretic approach developed in this work is an extension of optimal experimental design ap-
proaches that use the Fisher information matrix and the Cramer – Rao bound as a lower bound on the variance
of unbiased estimators [16–24]. Indeed, the de Bruijn identity [25] provides a direct connection between derivatives
of our entropy calculations and the Fisher information matrix. However, optimizing the Fisher information matrix
requires estimates of the unknown tissue parameters, such as T1 relaxation losses and pyruvate-to-lactate conversion
rate (that we are trying to recover), to calculate the Fisher information. The Fisher information must be iteratively
re-optimized as more accurate estimates of the tissue properties are obtained. In contrast, the present approach pro-
vides a mathematical framework to directly include the tissue parameter uncertainty in the mutual information and
considers a range of tissue parameters (determined by the input probability distributions) to calculate and optimize
the mutual information.

3 Hyperpolarized (HP) MRI model

Consider a tissue domain within which different constituents evolve depending on the local environment which
includes, for example, interstitial, vascular, and cellular spaces. In this work, following [2, 15], two spatial com-
partments, namely, interstitial and vascular, each containing HP pyruvate and lactate and complement of these two
constituents, are considered. First, the spatially invariant pharmacokinetic model developed in [15] is presented.
The model accounts for T1 relaxation loss, signal loss due to excitation at each scan, and pyruvate-to-lactate and
lactate-to-pyruvate exchanges. This model is referred to as the low-fidelity (LF) model for convenience. To generate
synthetic data as a control to test optimal design parameters, the low-fidelity model is extended using principles of
continuum mixture theory to obtain a PDE-based model, referred to as the high-fidelity (HF) model. The HF model
includes the vascular-tissue exchange in an attempt to produce a more accurate perfusion of HP pyruvate. The two
models are presented next.

3.1 Spatially invariant HP-MRI low-fidelity (LF) model

A two compartment HP-MRI model (interstitial and vascular) consisting of two constituents, HP pyruvate and
lactate, is considered.

Let φ̄P = φ̄P (t) and φ̄L = φ̄L(t) denote the average volume fraction of HP pyruvate and lactate, respectively,
over the tissue domain Ω ⊂ R3 at time t ∈ [0, T ]. Discrete times at N scans are denoted by tk, 1 ≤ k ≤ N ; θkP and θkL
are flip angles in kth scan whereas TRk = tk − tk−1, k > 1, are repetition times and TR1 = 0. With φ̄ = (φ̄P , φ̄L)T ,

the HP pyruvate and lactate available for measurement at the (k + 1)
th

scan, k ≥ 1, are given by [15]

φ̄(tk+1) = exp [TRk+1A]Ckφ̄(tk) +
kve
νe

∫ tk+1

tk

exp [(tk+1 − τ)A]V IF (τ)dτ, (1)

where the matrix A accounts for T1 relaxation losses and pyruvate-lactate exchanges

A =

[
− 1
T1,P
− kPL − kve

νe
kLP

kPL − 1
T1,L
− kLP

]
. (2)

Here T1,P , T1,L denote the T1 relaxation times (s), kPL, kLP pyruvate-to-lactate and lactate-to-pyruvate exchange
rates (s−1), kve vascular-tissue exchange rate (s−1), and νe the extravascular volume fraction. In (1), Ck denotes
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the matrix that takes into account the loss of signal due to excitation at kth scan:

Ck =

[
cos(θkP ) 0

0 cos(θkL)

]
. (3)

Lastly, V IF = V IF (t) is the vascular input function assumed to take the form:

V IF (t) =

[
σP γ(t− t̄0, αP , βP )

0

]
, (4)

where σP , αP , βP are constants, and γ denotes a gamma probability density function given by

γ(t, a, b) =
1

baΓ(a)
ta−1 exp

[
− t
b

]
. (5)

The constant t̄0 is associated with bolus arrival time and is treated as one of the uncertain model parameters.
In (1), the parameters can be gathered in two different classes: 1) model parameters that depend on the tissue

domain and includes P = (T1,P , T1,L, kPL, kLP , kve, νe, t̄0), and 2) HP MRI design parameters such as repetition times
and flip angles K = ({TRi}Ni=2, {θiP }Ni=1, {θiL}Ni=1). For simplicity, the parameters T1,P , T1,L, νe, kLP are assumed to
be known and fixed so that P = (kPL, kve, t̄0). Repetition times TRk are also considered fixed so that K =
({θiP }Ni=1, {θiL}Ni=1).

3.1.1 The total signal

For simplicity, let φ̄k = φ̄(tk), φ̄kP = φ̄P (tk), φ̄kL = φ̄L(tk), where k = 1, 2, ..., N . Suppose prior to the kth scan,
the available HP pyruvate signal is φ̄kP . After taking the kth scan, due to signal excitation loss, cos(θkP )φ̄kP will be
available for the next measurement. A similar argument can be made for φ̄kL. Further, the signals measured at the
kth scan are, see [15],

sk =

[
skP
skL

]
=

[
sin(θkP ) 0

0 sin(θkL)

] (
νeφ̄

k + (1− νe)V IF (tk)
)

=

[
sin(θkP )

(
νeφ̄

k
P + (1− νe)V IF1(tk)

)
sin(θkL)

(
νeφ̄

k
L + (1− νe)V IF2(tk)

)] (6)

i.e., one only measures the sin(θkP ) and sin(θkL) fractions of the magnetization leaving the cos(θkP ) and cos(θkL) fractions
for the next measurement. The total signal is the sum of the individual signals at different scans and is given by

G = G(K,P) =

N∑
k=1

(
skP + skL

)
, (7)

where the dependence of G on the design parameters K and model parameters P is clear from (1) and (6).

3.2 HP-MRI high-fidelity (HF) model for data generation

The verification of uncertainty reduction in recovered kPL on living subjects using the optimal design parameters is a
challenging undertaking. One approach for verification is to use the synthetic data generated from the computational
models. Here, the two models are employed to generate synthetic data; the first model is the same ODE model
described in previous section. As a second model, somewhat more realistic model that includes spatial variation of
the HP pyruvate and lactate is developed using the principles of continuum mixture theory and invoking the principle
of conservation of mass; see [26–29].

Let Ω ⊂ R3 be an open bounded domain representing a tissue. At any x ∈ Ω, consider an RVE (Representative
Volume Element at sub-tissue-scale (≈ 1 mm). At this scale, a typical RVE may include three compartments:
interstitial, vascular, and cellular. These compartments may host various constituents, e.g., proteins, plasma, etc., and
constituents can interact with other and exchange mass at the interfaces between compartments. Of particular interest
in this work are the HP pyruvate and lactate in interstitial and vascular compartments. Following some simplifying
assumptions outlined in Appendix A, the evolution of pyruvate and lactate volume fractions, φP = φP (t,x) and
φL = φL(t,x), t ∈ (0, tF ), x ∈ Ω, in interstitial compartment can be described by a coupled system of reaction-
diffusion partial differential equations. HP agents in vascular compartments, denoted by φPV = φPV (t,x) for HP
pyruvate and φLV = φLV (t,x) for lactate, t ∈ (0, tF ),x ∈ Ω, are assumed to be fixed and given as a function of time
and space.

To account for the instantaneous loss of signal (or volume fractions) of HP agents at discrete scan points tk, 1 ≤
k ≤ N , consider φkA = φkA(t,x), where t ∈ [tk−1, tk), x ∈ Ω, A ∈ {P,L, PV, LV }. The balance of mass for constituents
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in interstitium based on simplifying assumptions can be expressed in differential form, for t ∈ (tk−1, tk),x ∈ Ω, as
follows

∂

∂t
φkP = ∇ ·

(
DP∇φkP

)
+ SP (φkP , φ

k
L) + JP (φkP , φ

k
PV ),

∂

∂t
φkL = ∇ ·

(
DL∇φkL

)
+ SL(φkP , φ

k
L) + JL(φkL, φ

k
LV ),

(8)

where DP , DL are diffusivities of pyruvate and lactate, SP = SP (φkP , φ
k
L), SL = SL(φkP , φ

k
L) volume source terms,

and JP = JP (φkP , φ
k
PV ), JL = JL(φkL, φ

k
LV ) vascular-interstitial volume exchange terms. The initial condition for the

HP pyruvate and lactate, φkP , φ
k
L, should take into account the loss of signal due to excitation in the (k − 1)

th
scan.

For example, HP pyruvate just before the (k − 1)
th

scan is φk−1(tk−1), and the available signal due to instant loss

of signal after (k − 1)
th

scan is cos(θk−1
P )φk−1

P (tk−1). Based on the above argument, initial conditions are taken as

φkP (tk−1,x) = cos(θk−1
P )φk−1

P (tk−1,x), φkL(tk−1,x) = cos(θk−1
L )φk−1

L (tk−1,x), ∀x ∈ Ω, 1 ≤ k ≤ N. (9)

Homogeneous Neumann boundary conditions are assumed to hold, i.e.,

∇φkP (t,x) · n = 0, ∇φkL(t,x) · n = 0, ∀t ∈ [tk−1, tk],x ∈ ∂Ω, (10)

where n is the unit outward normal of the boundary ∂Ω. For the well-posedness of (9) for k = 1, it is assumed that
φ0
P (t0,x) = φ0(t0,x) = 0, for all x ∈ Ω, and θ0

P = θ0
L = 0.

The volume source terms SP , SL are defined as follows:

SP (φkP , φ
k
L) =

(
− 1

T1,P
− kPL

)
φkP + kLPφ

k
L, SL(φkP , φ

k
L) =

(
− 1

T1,L
− kLP

)
φkL + kPLφ

k
P , (11)

and the tissue-vascular volume exchange terms are simply taken as the volume sources restricted on vascular subdo-
main, ΩV ⊂ Ω, i.e.,

JP (φkP , φ
k
PV ) = LPφ

k
PV χΩV

, JL(φkL, φ
k
LV ) = LLφ

k
LV χΩV

, (12)

where χA is the characteristics function of set A, i.e., χA(x) = 1 if x ∈ A and χA(x) = 0 if x /∈ A, and LP , LL
permeabilities.

HP agents in the vascular compartment are fixed as, for all t ∈ [tk, tk+1),

φkPV (t,x) =

{
σP γ(t− t̄0, αP , βP ), if x ∈ ΩV ,

0, otherwise
(13)

and φkLV (t,x) = 0, ∀x ∈ Ω. Here t̄0, σP , αP , βP are constants that control the magnitude and shape of the gamma
function γ defined in (5).

Next, the model is presented. Further details about the setup of this model and simplifying assumptions are
provided in Appendix A.

3.2.1 Signal from the high-fidelity model

The magnetization intensity of constituent A, A ∈ {P,L, PV, LV }, at x ∈ Ω at kth scan is assumed to be propor-
tional to the volume fraction of the constituent, φkA, i.e., there are constants CA, A ∈ {P,L, PV, LV }, such that
CA sin(θkA)φkA(tk,x) is the measured signal of constituent A at the kth scan. Here, θkPV = θkP and θkLV = θkL, where
θkP , θ

k
L are the flip angles. Without loss of generality, it is assumed that CA = 1, for A ∈ {P,L, PV, LV }.

4 Mutual information based optimization of MR scan parameters

A major goal of this study is to formulate a optimization problem to determine the design parameters K =
({θiP }Ni=1, {θiL}Ni=1) such that the MRI measurements reduce uncertainty in the rate parameter, kPL. Treating total
signal, G defined in (7), as the data, and model parameters, P = (kPL, kve, t̄0), together with data as random vari-
ables, an optimization problem of maximizing the mutual information (MI) between the data and model parameters
is proposed. It is shown that uncertainty in recovered kPL from synthetic noisy data is reduced when optimal design
parameters are considered; see Section 5.

In what follows, after defining some preliminary quantities, the mutual information between data and the model
parameters is defined. Let z ∈ Z = R, P ∈ Θ ⊂ R3, and K ∈ D ⊂ R2N , where Z,Θ, D are data, model parameter,
and design parameter spaces, respectively.
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4.1 Prior, likelihood, and evidence

Suppose p0(P) is the prior probability distribution function (PDF) of model parameters P and p(z) is the PDF of
the data z. Then the joint PDF p(z,P) must satisfy

p(z,P) = p(z|P)p0(P) = p(P|z)p(z), (14)

where p(z|P) is the conditional PDF of data conditioned on model parameters P (also referred to as the likelihood
function) and p(P|z) the conditional PDF of model parameters P conditioned on data z (posterior of P). The prior
is taken as multi-variate Gaussian with mean P̂ and covariance matrix ΣP :

P ∼ p0(P) = N (P̂,ΣP) =
1

2π det ΣP
exp

(
−1

2
‖P̂ − P‖2

Σ−1
P

)
. (15)

Here ‖P̂ −P‖2
Σ−1
P

= (P̂ −P) ·Σ−1
P (P̂ −P). Within this Bayesian setting, Σp, is representative of biological variability.

To derive the expression for the likelihood function, first suppose that G = G(K,P) is the model prediction of
data. Data and the model prediction are assumed to be related as follows:

z = G(K,P) + ε ⇒ z − G(K,P) ∼ N (0, σz), (16)

where an additive model of noise is assumed and the noise, ε, is taken as Gaussian with a zero mean and standard
deviation σz, i.e., ε ∼ N (0, σ2

z).
Therefore, the likelihood function p(z|P) takes the Gaussian form:

p(z|P) = N (G(K,P), σz) =
1

2πσz
exp

(
− 1

2σ2
z

‖G(K,P)− z‖2
)
. (17)

Here || · || denotes the Euclidean norm. Technically, p(z|P) is also conditioned on K, but, for simplicity in notation,
the dependence on K is suppressed.

With p0(P) and p(z|P) defined as above, the joint PDF p(z,P) can be computed using (14). Further, using (14),
the PDF of data z (evidence), p(z), can be computed by marginalizing p(z,P) with respect to P:

p(z) =

∫
Θ

p(z,P)dP =

∫
Θ

p(z|P)p0(P)dP, (18)

where Θ is the parameter space.

4.2 Mutual information

Next, the statistical mutual information is defined and the optimization problem for design parameters K is posed.
Given HP-MRI data, the accurate inference of pyruvate-to-lactate exchange rate parameters (and other parameters
in P) depends on the specific choice of control (design) parameters K as selection of K affects the information content
in the measured data. The notion of mutual information [25] provides a way to quantify the information content
about the model parameters P in the data z. The mutual information between the two random variables z and P
with PDFs p(z) and p0(P) and the joint PDF p(z,P) is defined as

I = I(K) =

∫
Z

∫
Θ

p(z,P) ln

(
p(z,P)

p0(P)p(z)

)
dPdz. (19)

Here, the mutual information I depends only on design parameters K and the forward model (1).
Using Bayes theorem, p(z,P) = p(z|P)p0(P), it can easily be shown that

I(K) =

∫
Z

∫
Θ

p(z|P)p0(P) ln

(
p(z|P)p0(P)

p0(P)p(z)

)
dPdz, (20)

or,

I(K) =

∫
Z

∫
Θ

p(z|P)p0(P) ln [p(z|P)] dPdz −
∫
Z

p(z) ln p(z)dz = H(z;K)−H(z|P;K), (21)

where the second term in the above equation is identified as information entropy H(z;K) and the first term as
negative of the cross-information entropy, H(z|P;K). That is

H(z;K) = −
∫
Z

p(z) ln p(z)dz, H(z|P;K) = −
∫
Z

∫
Θ

p(z|P)p0(P) ln [p(z|P)] dPdz. (22)
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Optimization problem In order to maximize the reduction in the uncertainty in the model parameters (i.e. to
have the most confident estimates of the parameters P), we propose to maximize the mutual information between
the observation data and parameters of interest:

max
K∈D

I(K) = I(K∗), (23)

where K∗ is the design parameter for which I is maximum (assuming K exist).
Given a Gaussian prior and conditional probability of the data with respect to the parameters, the entropy of the

data conditioned on the model parameter, i.e., H(z|P), is constant. Therefore, the optimization problem simplifies
to

K∗ = argmax
K∈D

I(K) = argmax
K∈D

H(z;K). (24)

4.3 Approximation of mutual information and information entropy

Mutual information calculations are computationally demanding due to high-dimensional integration over the pa-
rameter and data spaces. Combinations of both quadrature and sampling methods have been employed for mutual
information calculations, each of which is well-suited to certain function classes [30–42]. These methods include
Monte Carlo and Quasi-Monte Carlo methods [31–33], lattice rules [34], adaptive subdivision [35,36], neural network
approximations [37] and numerical quadrature [38]. Here the problem structure is used to accelerate computations
and facilitate tractable numerical integration. Following [43], Gauss-Hermite quadrature is applied in each dimension
of mutual information integrals defined in (21) to numerically integrate multi-variate Gaussian random variables.
Quadrature order is increased until convergence is observed.

5 Numerical results

In this section, the main results of our analysis are presented. First, the optimal design parameters for different
signal-to-noise ratios (SNRs) are shown. Optimal design parameters for both temporally constant and varying flip
angles at each data acquisition are considered. Next, the reduction in uncertainty of kPL when using optimal
design parameters generated synthetic data is shown; synthetic data are generated using the two models discussed
in Section 3.

For the optimization of mutual information and inverse problem to recover model parameters from the noisy
data, the automatic differentiation feature in MATLAB is utilized. Details on the numerical solution of the low and
high-fidelity models are given in Appendix B. The values of model parameters and MR scan (design) parameters are
listed in Tables 1 and 2, respectively.

Parameter Value Description

LP , LL 0.2 s−1 Permeabilities for vessel-tissue mass exchange (only for HF model)
DP , DL 20 cm2/s−1 Diffusivities (only for HF model)
T1,P , T1,L 30 s, 25 s Relaxation times
kPL 0.15 s−1 Pyruvate-to-lactate apparent exchange rate
kLP 0 s−1 Lactate-to-pyruvate apparent exchange rate
t̄0 4 s Bolus arrival time for HP pyruvate

σP , αP , βP 100, 2.5, 4.5 s Parameters in the gamma function (13)
kνe 0.05 s−1 vascular-tissue exchange rate (only for LF model)
νe 0.95 extravascular volume fraction (only for LF model)

Table 1: Default model parameters, P, and remaining fixed model parameters used in initialization, optimization,
and verification steps. Some parameters are specific to either LF (low-fidelity) or HF (high-fidelity) model while the
rest are the same in the two models. The parameters such as DP , DL, LP , LL for HF model are assumed arbitrary
values without loss of generality.
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Parameter Value Description

N 30 Number of HP MRI scans
TRk 3 s Repetition times (for k > 1)
θkP 20 degrees Flip angles for HP pyruvate (for all k)
θkL 30 degrees Flip angles for HP lactate (for all k)

Table 2: Default design parameters, K, used in initialization, optimization, and verification steps.

5.1 Optimized design parameters

As mentioned in Section 4, multi-variate Gaussian is taken as a prior for uncertain model parameters, P =
(kPL, kve, t̄0). The mean and diagonal covariance matrix are fixed to

µP = (0.15, 0.05, 4), Σp = diag(0.03, 0.01, 1.3).

For this choice of mean and variance, all quadrature points for a fifth order Gauss-Hermite quadrature approximation
of numerical integration were positive. The remaining model parameters are fixed according to Table 1. Next, to fix
the likelihood function, the Gaussian noise distribution, i.e., ε ∼ N (0, σz), needs to be fixed. To consider reasonable
values of σz, first the reference peak pyruvate signal is calculated using the low-fidelity model with the default model
and data parameters shown in Tables 1 and 2; it is found to be sP ref = 0.6173. Then for different signal-to-noise
ratios (SNR), the noise (standard deviation) in the individual signals, σs, and the standard deviation of the total
signal, σz, are computed as follows:

σs(SNR) = sP ref/SNR, σz(SNR) = σs
√

2N, SNR ∈ {2, 5, 10, 15, 20}, (25)

where N is the total number of scans. For each σz in the above list, optimal design parameters are obtained by solving
the optimization problem (24). For simplicity, let KOEDSNR

denote the optimized design parameter corresponding
to σz(SNR). The rationale behind considering different SNR is that, in reality, data is expected to have varied
signal-to-noise ratios and this is shown to impact the choice of optimal design parameters. The initial values of the
design parameter K are listed in Table 2. The number of scans, N , and repetition time, TRk, are fixed at the initial
values. Figures 1 and 2 represent the optimal design parameters, KOEDSNR , for the lower and upper bounds of SNR
considered, SNR = 2 and SNR = 20; respectively. Results show that optimal design parameters vary depending
on the SNR values; however, results at SNR = 2 and SNR = 20 are representative of the range of SNR considered.
The optimal values of design parameters are shown in Fig. 1(a), Fig. 1(d), Fig. 2(a) and Fig. 2(d). The time varying
optimized design parameters are significantly different from the constant value flip angle scheme. In Fig. 1 and Fig. 2,
HP pyruvate and lactate signals, skP , s

k
L, 1 ≤ k ≤ N , are shown in (b) and (e), respectively. Moreover, in Fig. 1 and

Fig. 2, longitudinal magnetizations, φ̄kP , φ̄
k
L, are shown in (c) and (f), respectively.

5.2 Validation of the uncertainty reduction using optimal design parameters

The basic workflow in verification includes generating the samples of noisy data associated with different design
parameters using either LF and HF model and then solving the inverse problem for model parameters for each
sample of data. From the recovered kPL for different samples of data, the mean and the standard deviation is
computed. Specifically, the standard deviation is used as a measure of the uncertainty in the recovered kPL.

Before discussing the results, steps in generating synthetic data are explained. Suppose KOEDSNR
is the optimal

design parameter for the noise σz(SNR) in the total signal, see (25). Using either LF or HF models, “ground truth”
(signals at N scans) is generated using KOEDSNR design parameters (TRk is fixed following Table 2) and default
model parameters listed in Table 1. The data associated to SNR in KOEDSNR

is denoted by YOEDSNR
and takes the

form:

YOEDSNR
=


s1
P s1

L

s2
P s2

L

· ·
sNP sNL

 .
In the case in which the LF model is used to generate “ground truth”, siP , s

i
L denote the pyruvate and lactate signals

at ith scan, see (6). If the data is generated from the HF model, these will be the average pyruvate and lactate signals
within a voxel at scan time ti, see Section 5.2.2 for more details. A total of 25 samples of noisy data for different
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(a) (b) (c)

(d) (e) (f)

Figure 1: Optimized design parameters along with the solution of the forward (LF) model for noise σz(2), i.e.,
SNR = 2. The optimized flip angle scheme is shown for (a) constant flip angles throughout the acquisition (optimal
angles are θkP = 35 degrees and θkL = 28 degrees, for all 1 ≤ k ≤ N) and (d) allowing the flip angle to vary at
each data acquisition. The corresponding signal evolution of the transverse magnetization (6) is shown in (b) for the
constant flip angle scheme and (e) for varying flip angles. Similarly, the longitudinal magnetization (1) is shown in
(e) for the constant flip angle scheme and (f) for varying flip angles.

values of SNR are considered. Noisy samples are computed as follows:

Ynoisy,OEDSNR,SNRdata
= f(YOEDSNR

, SNRdata) = YOEDSNR
+ σs(SNRdata)


a1 b1
a2 b2
· ·
aN bN

 , (26)

where σs(SNRdata), given in (25), is the amount of the noise that depends on the assumed SNR, SNRdata, aj , bj ∼
N (0, 1) for each j = 1, 2, .., N . Since the MI optimal solution is seen to vary with respect to SNR defined by the
total signal standard deviation, σz, and SNR in the data, SNRdata, is expected to vary with pixelwise location,
a range of added noise values is considered to comprehensively evaluate the accuracy and precision of the kPL
parameter recovery. The noise values correspond to the previous SNR range considered: σs(SNRdata), SNRdata ∈
{2, 5, 10, 15, 20}. Validation results are now presented.

5.2.1 Reduction in uncertainty in kPL for low-fidelity data

The LF model is used to generate data, YOEDSNR
(for SNR = 2, 5, 10, 15, 20), and uncertain parameters P =

(kPL, kve, t̄0) in the LF model are recovered from the 25 samples of noisy data. The remaining model parameters
are drawn from the Table 1. In Fig. 3, the statistics (mean and standard deviation) corresponding to optimal
design parameters shown in Fig. 1 and Fig. 2 is presented. The SNR (SNR to generate noisy data) along the x-axis
corresponds to value of σs(SNRdata) added to the data. The y-axis represents the mean and standard deviation
of the kPL recovered from the inference. The known value of kPL used to generate the noise corrupted data is
shown for reference. Figures 3(a) and 3(c) correspond to KOED2

for a constant and varying flip angle scheme;
respectively. Figures 3(b) and 3(d) correspond to KOED20 for a constant and varying flip angle scheme; respectively.
Generally, an improvement in the accuracy and precision of the recovered parameter is seen with increasing SNR.
The kPL recovered for constant flip angles with KOED2

shows the best accuracy and precision for the noise corrupted
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(a) (b) (c)

(d) (e) (f)

Figure 2: Optimized design parameters along with the solution of the forward (LF) model for noise σz(20), i.e.,
SNR = 20. The optimized flip angle scheme is shown for (a) constant flip angles throughout the acquisition
(optimal angles are θkP = 3 degrees and θkL = 28 degrees, for all 1 ≤ k ≤ N) and (d) allowing the flip angle to vary
at each data acquisition. The corresponding signal evolution of the transverse magnetization (6) is shown in (b) for
the constant flip angle scheme and (e) for varying flip angles. Similarly, the longitudinal magnetization (1) is shown
in (e) for the constant flip angle scheme and (f) for varying flip angles.

parameter recovery. Figure 3(e) provides a control for the accuracy and precision obtained for flip angles currently
in use in the clinic [44], θkP = 20 and θkL = 30 degrees. Generally, results at KOED2

are comparable to the current
clinical pulse sequence implementation. However, KOED2

demonstrates improved performance at low SNR = 2.

5.2.2 Recovery of rate parameter from the high-fidelity model-based data

A high-fidelity model is used to generate a somewhat more realistic spatially varying data and further verify our
results using an independent source of data. In this section, only the kPL parameter is treated as uncertain; all other
model parameters were drawn from Table 1.

Consider a cubic domain B containing the brain tissue domain Ω (discretization and simulation using HF model
is discussed in Appendix B). Let Bh be a uniform discretization of B with total 163 cells. First, the HF model is
simulated using the constant design parameter KOEDSNR

for SNR = 2, i.e., θkP = 35 degrees and θkL = 28 degrees,
for all 1 ≤ k ≤ N , while all other parameters are fixed from Table 1 and Table 2. For the high-fidelity calculations,
only constant KOED2

design parameter set was employed for the reasons that KOED2
is found to be more robust for

large ranges of noises and the values in KOED2
are closer to what is currently being considered in clinical testing; see

previous subsection. Next, the total pyruvate and lactate signals, skP , s
k
L, 1 ≤ k ≤ N , are computed over each cell of

Bh, i.e., YOED2 at different cells of Bh is obtained. Suppose Y IOEDSNR
, 1 ≤ I ≤ 163, is the data for Ith cell in grid

Bh. Then, given the SNRdata ∈ [2, 5, 10, 15, 20], the noisy data from Y IOED2
for the Ith cell is computed using

Y Inoisy,OEDSNR,SNRdata
= Y IOEDSNR

+ σIs (SNRdata)


a1 b1
a2 b2
· ·
aN bN

 , (27)

where σIs (SNRdata) =
sIPref

SNRdata
, sIPref

is the maximum pyruvate signal (maximum value in the first column of
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(a) (b)

(c) (d)

(e)

Figure 3: Plot of inferred kPL from 25 samples of noisy data obtained from LF model data. The x-axis is the value
of SNRdata corresponding to value of noise, σs(SNRdata), added to the synthetic data for inference. (a) and (c)
correspond to KOED2 for a constant and varying flip angle scheme; respectively. (b) and (d) correspond to KOED20

for a constant and varying flip angle scheme; respectively. (e) provides a control for the accuracy and precision
obtained for flip angles currently used in human studies. Flip angles currently in use in the clinic are θkP = 20 and
θkL = 30.
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Y IOEDSNR
) for the Ith cell, and ai, bi, ci, di are defined similar to (26). Essentially, the noise model in this case varies

from cell to cell and is scaled appropriately depending on the peak pyruvate signal for a given cell. The HP signals
can be very small in many cells; peak signal in cells can be as small as 0.01 based on simulation results. Therefore,
adding noise σs(SNRdata) = sP ref/SNRdata based on one fixed reference signal sP ref = 0.6173, see (25), to data
corresponding to cells with small peak pyruvate signal will produce meaningless results.

Range Number of cells Range Number of cells

[1., 0.1) 7 [0.1, 0.01) 12
[0.01, 0.001) 4 [0.001, 0) 2

Table 3: Four ranges of peak vascular pyruvate is considered to capture the variation in the uncertainty of parameters
as cells move further from the vascular sources.

Since it is expensive to solve an inverse problem on each cell in Bh for all ranges of SNRdata, 25 cells in Bh
are selected based on the peak value of HP pyruvate in the vascular compartment to solve an inverse problem. A
total of four ranges of peak vascular pyruvate are considered and cells such that peak vascular pyruvate of the cell,
maxk φ̄PV (tk), is in the range is selected. The range and number of selected cells are provided in Table 3. Here,
φ̄PV is the average of vascular pyruvate over a given cell. Vascular pyruvate is nonzero only on x ∈ ΩV , where ΩV
is the vascular domain segmented from the MRI data, see (13). Thus the average vascular pyruvate will vary from
cell to cell depending on the magnitude of the the intersection between ΩV and the cell. The composition of cells
based on the strength of vascular pyruvate agent is essential to capture the variations in the uncertainty of recovered
parameters both near and far from the vascular sources.

In Fig. 4, the mean and standard deviation of inferred kPL for different cells and different SNRdata values are
shown. Here, only one design parameter set, KOED2

, is considered. The X-axis in Fig. 4 identifies the cell number
(total 25 cells are considered) while in the Y-axis the mean (on top plot) and standard deviation (on bottom plot)
of recovered kPL are displayed. Different colors signify different values of SNRdata. ‘Noiseless kPL’ is the one that
is obtained by solving an inverse problem on data from specific cells without adding noise.

From Fig. 4, the following key observations can be made:

• Decrease in the uncertainty with decreasing noise in the data: The smaller σs(SNRdata) results in
smaller overall uncertainty in the recovered kPL. Further, the recovered kPL from noisy data are seen to
converge to the noiseless kPL obtained without the addition of any noise.

• Uncertainty is stronger for cells with high peak vascular pyruvate: In cells with stronger vascular
pyruvate, the uncertainty in recovered kPL is higher. In fact as the peak vascular pyruvate in cells decrease (cell
number low to high), the recovered kPL, e.g., mean kPL in the Fig. 4, gets closer to the kPL = 0.15 employed
in the high-fidelity simulation. Therefore, the results suggest that in the cells with high impact from a vascular
source, the inconsistency between the high-fidelity model and low-fidelity is higher. Since in a real HP-MRI
measurement, any given cell may include the convection and diffusion effects, and therefore the fitting of data
using the ODE-based pharmacokinetic models which ignore these effects will likely lead to less accurate results.

6 Discussion

Within the mutual information based optimal experimental design formulation, a time varying flip angle scheme is
seen to provide significant differences in the flip angles as compared to the case when excitation angles are fixed
to a constant value. Indeed, the varying flip angle scheme leads to a higher parameter optimization that is able to
further improve the quantitative value of mutual information over the constant flip angle scheme. However, as seen
in Fig. 3, the constant flip angle scheme leads to the best accuracy and precision when considering the inference
from noise-corrupted data. The time varying flip angle scheme is seen to be most sensitive to noise corruption of the
expected signal and is generally seen to have the highest variance and bias in the parameter recovery.

The reduction in the recovered variance is seen to be correlated with the assumed noise value added to the
data. Intuitively, less noise resulted in less variance in the parameter recovery. Less intuitively, the optimal MI
solutions for flip angles are seen to vary with the noise value of the signal conditional probability model. The
greatest reduction in measurement uncertainty is seen for the MI optimal solution corresponding to low SNR. The
excitation angles optimized for the higher SNR condition drop the pyruvate excitation angle to zero after 20 seconds
while simultaneously increasing the lactate flip angle. This is in contrast to the low SNR case where both pyruvate
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Figure 4: Plot of the mean and standard deviation of inferred kPL for 25 selected cells in 163 grid. On x-axis, the
cells are numbered and on y-axis the value of the mean and standard deviation for specific cells are plotted. Cells
were selected based on the peak vascular pyruvate, maxk φ̄PV (tk), where φ̄PV is the average of vascular pyruvate
over a given cell, belonging to four range of values as shown in the plot. Color of each curve is related to the SNRdata
used in computing noisy data.

and lactate flip angles maintain an continual signal. This could be due to the system being so signal limited for
the low SNR case that it is forced to leverage the pyruvate signal to extract any additional information about
the metabolic exchange rate. As opposed to the high SNR case where the abundant lactate signal is sufficient to
accurately determine the metabolic exchange rate and measuring pyruvate signal after the initial bolus is therefore
unnecessarily.

This work also highlights some issues observed when using the high-fidelity spatially varying model generated
“ground truth” in recovering the model parameters in the low-fidelity spatially invariant model. The recovered
parameters of the low-fidelity model are not same as the values considered in generating “ground truth”; further this
difference is higher at locations with stronger vascular pyruvate source. Thus, this work shows that it is possible that
the difference between kPL in real tissue and the kPL values recovered using the low-fidelity model could be large.

This work considers uncertainty in the vascular-tissue exchange parameter, bolus arrival time, and rate constants.
However, a more comprehensive evaluation of additional uncertain parameters would be to additionally consider the
stability of our results. The numerical computation in this work is also limited by the quadrature scheme for numerical
integration of the mutual information integrals. Adding additional sources of uncertainty suffers from the well-known
curse of dimensionality [45] and alternative integration schemes such as Markov chain Monte Carlo may be more
effective.

Further, the current approach assumes a SNR such that Gaussian statistics is an appropriate noise model for the
the signal acquisition. Rician statistics [46] is known to be more appropriate as the noise model for low SNR and
will be considered in future efforts to optimize acquisition parameters at low SNR. The low SNR range is expected
to be more important toward the end of the HP data acquisition as the signal decays.

Alternative high-fidelity models may also be considered to determine optimal design parameters and to recover
model parameters from the data. However, for such an approach to work, a realistic high-fidelity model is needed
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keeping in mind the major factors in HP-MRI physics. This work presents a high-fidelity model based on various
simplifying assumptions as a first step. Moreover, the model in this work was limited to just two constituents.
Additional model fidelity may include permutations of lactate and pyruvate that are endogenous as well as hyperpo-
larized. Intravascular, extracellular, and intracellular species may also be considered. Additional formulations may
also consider the impact of blood flow in the simulations directly though Dirichlet boundary conditions, as convective
transport through porous media [47], or as a sophisticated 3D-1D coupling with vasculature treated as 1D curvilinear
segments [48,49].

In summary, our results suggest that the constant flip angle scheme corresponding to KOED2
is the best choice

in terms of accuracy and precision of the parameter recovery. Results at KOED2
, θkP = 35 and θkL = 28, are

comparable to the current clinical pulse sequence implementations, θkP = 20 and θkL = 30, and demonstrate an
improved performance at low SNRdata = 2. Further, the constant flip angle scheme may represent a practical choice
for implementation on the pulse sequence hardware.
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A Development of a high-fidelity model for HP-MRI

Let Ω ⊂ R3 represent a three-dimensional tissue domain and let ΩV ⊂ Ω is the part of the tissue occupied by the
vascular structure. Consider an RVE (Representative Volume Element) of sub-tissue length scale (≈ 1 mm) at some
point x ∈ Ω. A simple depiction of RVE is shown in Fig. 5 which highlights three key compartments, namely,
interstitial, vascular, and cellular. Suppose V is the total volume of RVE, and Vi, Vv, and Vc are the volumes of
interstitial, vascular, and cellular compartments, respectively, such that V = Vi + Vv + Vc. Further, let σa = Va/V ,
a ∈ {i, v, c}, give the volume fractions of compartments.

While each compartment may consist of variety of constituents, HP pyruvate and lactate in the interstitial and
vascular compartments are of particular interest. Let φP = VP /V and φL = VL/V denote the volume fraction of
HP pyruvate and lactate in interstitium (VP , VL are the volumes of HP agents in the interstitial compartment of
an RVE) while φ∼PL giving the volume fraction of all other constituents in the interstitial compartment. Volume
fractions in vascular compartment, φPV , φLV , φ∼PLV , and in cellular compartment, φPC , φLC , φ∼PLC , are defined
in a similar fashion. For a generic RVE, following saturation condition must hold, i.e.,

φP + φL + φ∼PL = σi =
Vi
V
.

Similarly, constituents in vascular and cellular compartments must satisfy

φPV + φLV + φ∼PLV = σv =
Vv
V
, φPC + φLC + φ∼PLC = σc =

Vc
V
.

Constituent volume fractions defined above present a difficulty in the sense that, for example, φP , at a point
x ∈ Ω depend on σi due to saturation condition, and therefore spatial variation of σi (and similarly σv, σc) is needed.
To avoid this difficulty, σi, σv, σc are assumed to be constant (spatially and temporally), and φA for constituent A in
interstitial compartment is defined as φA = VA/Vi for A ∈ {P,L,∼ PL}. Constituents in other two compartments
are defined similarly. With this, saturation conditions become∑

A∈{P,L,∼PL}

φA = 1,
∑

A∈{PV,LV,∼PLV }

φA = 1,
∑

A∈{PC,LC,∼PLC}

φA = 1.
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Figure 5: Schematics of an RVE at sub-tissue scale with basic constituents and compartments.

Key assumptions To derive PDE-based model of HP agents, some simplifying assumptions will be made. The
key assumptions are:

(A1) Cellular compartment and constituents within it are ignored; however, the extension to include this compart-
ment is straight-forward;

(A2) Tissue domain is treated as homogeneous media and properties such as diffusivities are assumed to be uniform;

(A3) HP agents in vascular compartment are fixed and given. HP pyruvate in vascular compartment, φPV , is
spatially uniform and varies in time following the gamma probability density function on ΩV subdomain of Ω.
HP lactate in vascular compartment, φLV , is fixed to zero;

(A4) Perfusion of HP agents is simulated using volume source terms in the balance of mass of HP agents in inter-
stitium. Perfusion is restricted to subdomain ΩV . Further, exchange of mass is considered one-way, i.e., HP
agents perfuse from vascular to interstitial compartment and not in the other direction;

(A5) The mechanical and thermal effects are ignored. This is a realistic assumption as typically HP-MRI measure-
ments take place over a short time interval (≈ 100 seconds) and mechanical effects over this short interval can
be safely ignored;

(A6) In the balance of mass of constituents in interstitium, besides the reaction between HP agents and natural loss of
signal, agents are assumed to diffuse. Convection effects are ignored. This may not be a realistic assumption as
the time scale of measurements suggest that perfusion from capillaries and convection are dominant mechanism
for mobility of agents as compared to the diffusion. Future work may address this limitation in the model; and

(A7) The signal loss due to excitation is assumed to be instantaneous (reasonable assumption considering the time
interval of one scan and overall time interval of simulation).

B Numerical methods for forward simulation and MI optimization

In this section, the numerical discretization of the HP-MRI model (mainly HF model) and numerical implementation
of the optimization problem to determine optimal design parameters are discussed. To solve the LF model presented
in Section 3.1, a MATLAB function ode45 is employed. Numerical discretization of the HF model is discussed next.

B.1 Discretization of the HF model

The HF model is applied to real brain tissue; the sample data is taken from the publicly available BRATS brain MRI
datasets [50]. The vascular domain ΩV was extracted from the MRI data in several steps: First, a four component
Gaussian mixture model [51] was applied to the subtraction image of the difference between the pre- and post-contrast
T1-weighted imaging. Hessian-based [52] filters were applied to the posterior image class with the brighted intensity.
Otsu thresholding [53] is applied to extract the foreground vessel mask. Finally, a 4×4 axial plane dilation is applied
as a post processing step to oversegment the vessels and ensure smaller vessels were simply connected. In Fig. 6, the
vascular segmentation (a) and the finite element mesh of the brain tissue (b) are shown.

The coupled PDEs in (8) are discretized using finite element method and a implicit first order time discretiza-
tion. Let Vh ⊂ H1(Ω) denote the finite element space spanned by a second order shape functions over conforming
tetrahedral triangulation of Ω. Let φkP n, φ

k
Ln, φ

k
PV n, φ

k
LV n ∈ Vh denote the finite element solution at the nth time

step at time τn = tk + n∆tk, where ∆tk is a time step size in interval [tk, tk+1) (∆tk can vary with k). Suppose
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(a) (b)

Figure 6: (a) Brain T1 contrast enhanced MRI with segmented vascular (red regions). The vascular regions represent
ΩV . The MRI data consists of 240×240×155 voxels. In (b), a finite element mesh of the tissue is depicted.

φk−1
P (tk−1), φk−1

L (tk−1) ∈ Vh are already computed and known. Then the initial condition φkP 0, φ
k
L0 are applied using

(9): (
φkP 0, φ̃

)
=
(

cos(θk−1
P )φk−1

P (tk−1), φ̃
)
,

(
φkL0, φ̃

)
=
(

cos(θk−1
L )φk−1

L (tk−1), φ̃
)
, ∀φ̃ ∈ Vh. (28)

As discussed in Section 3.2, HP agents in the vascular domain, φkPV n, φ
k
LV n, for all n = 0, 1, .., Nk, are fixed and

given via relation (13). Suppose solution φkP n−1, φ
k
Ln−1 at the (n− 1)

th
step are known. To determine φkP n, φ

k
Ln, we

consider a implicit discretization as follows (noting that kLP = 0 and φkLV n = 0 for all k and n), for all φ̃ ∈ Vh,(
φkP n − φ

k
P n−1

∆tk
, φ̃

)
+
(
DP∇φkP n,∇φ̃

)
−
([
− 1

T1,P
− kPL

]
φkP n, φ

k
P

)
=
(
LPφ

k
PV nχΩV

, φ̃
)

(29)

and (
φkLn − φ

k
Ln−1

∆tk
, φ̃

)
+
(
DL∇φkLn,∇φ̃

)
−
(
− 1

T1,L
φkLn − kPLφ

k
P n, φ̃

)
= 0. (30)

Observe that the above two equations can be decoupled by solving (29) first and then solving (30).
Next, the convergence of numerical discretization is established.

B.1.1 Time and mesh convergence study

To compare the solution from different mesh and time steps, finite element solutions of problem over a brain tissue
is projected onto a uniform mesh with Nh = 163 cubic elements, denoted by Bh, of cubic domain B, where B is the
smallest cube containing Ω. Next, at any simulation time t, for each cell Ki in Bh, the total volume of HP agents
are computed; suppose QiP (t), QiL(t) denotes the total volume of pyruvate and lactate at time t for the i cell in Bh.
Suppose QiP,1, Q

i
P,2 and QiL,1, Q

i
L,2, for all i, are results from two simulations, then, the total error in HP pyruvate

and lactate at time t is defined as

e1,2
P (t) =

1√
|K|

√ ∑
1≤i≤Nh

|QiP,1(t)−QiP,2(t)|2, e1,2
L (t) =

1√
|K|

√ ∑
1≤i≤Nh

|QiL,1(t)−QiL,2(t)|2 , (31)

where |K| = 1042.672 is the volume of one element in Bh.
The high-fidelity model was solved approximately using FEniCS library [54, 55]. In the convergence results

presented below, model parameters are taken from Table 1 while the design parameters are taken as, for 1 ≤ k ≤
N = 30, θkP = 35 and θkL = 28 degrees, respectively (these parameters are the OED parameters for SNR = 2, see
Fig. 1). Repetition times are TRk = 3 seconds, for 2 ≤ k ≤ N .

To verify the convergence of solver with decreasing time-step sizes, model was solved with a fixed mesh consisting
of 333049 elements and 68991 vertices and different time steps ∆tk. Time steps employed in this study are ∆tk =
{0.6, 0.3, 0.15, 0.075} seconds for all k. Simulation with largest ∆tk = 0.4 is labeled as 1 and the one with smallest
∆tk = 0.05 is labeled 4. The errors as defined in (31) for pair of simulations are shown in Fig. 7. The error is seen
to decrease consistently with the decreasing time step.
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To ascertain mesh convergence, model was solved with a fixed time step ∆tk = 0.075 seconds and four difference
meshes. The number of tetrahedral elements and vertices in four meshes employed in this study are: (239697, 48695),
(333049, 68991), (404492, 84991), (523746, 108276). Results with coarsest mesh (smaller number of elements) is
labeled as 1 while the one with finest mesh is labeled as 4. The errors for different pair of simulations are shown in
Fig. 8. The error is seen to decrease as the mesh is refined.

Based on the time and mesh convergence results, to compute “ground truth”, the mesh with 239697 elements
and 48695 vertices is employed and the time step is fixed to ∆tk = 0.15 seconds.
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Figure 7: Plot of errors for pair of simulations at scan times tk = (k − 1) ∗ 3 seconds, 1 ≤ k ≤ 30. Simulation with
∆tk = 0.6 seconds is labeled as 1 and the one with ∆tk = 0.075 seconds as 4, and the errors for pair of simulations
are computed using (31). The relative error is seen to decrease as time step is decreased.
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Figure 8: Plot of errors for pair of simulations at scan times tk = (k−1)∗3 seconds, 1 ≤ k ≤ 30. Four simulations are
carried out each with different mesh keeping the time step fixed to ∆tk = 0.075 seconds; simulation 1 corresponds
to the coarsest mesh and simulation 4 corresponds to the finest mesh. The relative errors are seen to decrease as the
mesh is refined.

B.2 Automatic differentiation accelerated optimization for OED calculations

The auto-differentiation functions of MATLAB were used to calculate gradients of (21). In particular, design pa-
rameters K and state variables φ̄ were considered as optimization variables to minimize the objective function (21)
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with respect to the model constraints (1). Auto-differentiation provides the derivatives of the objective function
and constraints with respect to this full space formulation. Given the derivatives in the full space formulation, the
reduced space gradient of the objective function (21) with respect to the design parameters K may be calculated
using an adjoint solve.

B.3 Inverse problem to recover rate parameter

A MATLAB routine fmincon is used to solve the inverse problem of recovering model parameters P in the LF model
(1) from the data. Signals of pyruvate and lactate at different scans is taken as data. As an objective function for the
inverse problem, square of the difference between data and model prediction of signals is used. Similarly, derivatives
from the automatic differentiation feature in the MATLAB are utilized for numerical optimization.
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