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1. Introduction

We develop and analyze a mathematical model of vascular tumor growth designed to simulate abstractions
of many of the key phenomena known to be involved in the growth-decline of tumors and therapeutic
treatment in living tissue. The complex vascular structure of tissue and the network of blood vessels sup-
plying nutrients to a solid tumor mass embedded in the tissue are modeled as a network of one-dimensional
capillaries within a three-dimensional tissue domain, while the growth of the tumor is represented by a
phase-field model involving multiple cell species and other constituents. Our tumor models may be regarded
as mesoscale depictions of physical and biological events employing continuum mixture theory to construct
general forms of the Ginzburg—Landau—Helmholtz free energy of biological materials in terms of volume
fractions or mass concentrations of the cell phenotypes and principal mechanical and chemical fields. The
equations governing the tumor growth are derived from the balance laws of continuum mixture theory as
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in e.g. [1-5], and representations of the principal mechanisms governing the development and evolution of
cancer [5,6]. In the tissue containing the tumor cells, the microvascular network is represented by a graph
structure with 1D filaments through which nutrient-containing blood may flow. The exchange of nutrients
between the network and tissue is depicted by a Kedem-Katalchsky type law [7]. We briefly describe the
construction of approximations of these models, see also [8-13].

There is a significant and growing volume of published work on various aspects of this subject. Continuum
mixture theory as a framework for developing meaningful models of materials with many interacting
constituents is proposed in [3-5,10,14,15]. Of particular interest are the comprehensive developments of
diffuse-interface multispecies models described in [16,17], the four- and ten species models presented in [5,14],
and the multispecies nonlocal models of adhesion and tumor invasion described in [12]. The book compiled
by Lowengrub and Cristini [10] contains over 700 references to relevant cancer cell biology and mathematical
models of cancer growth. The complex processes underlying angiogenesis which are key to vascular tumor
growth present formidable challenges to the goal of predictive computer modeling. Angiogenesis models
embedded in models of hypoxic and cell growth or decline were presented in [5,16,18-22]. More recent
developments have included models of the vascular network interwoven in tissue containing solid tumors,
and the sprouting of capillaries in response to concentrations of various tumor angiogenesis factors so as
to supply nutrients to hypoxic tumor cells. Such network-tissue models are discussed in [18,23,24]. These
models generalized the lattice-probabilistic network models of [25].

This article is organized as follows: In Section 2, we introduce various components of the complete
model, such as the tissue domain, the 1D network domain, the species in the multi-species phase-field
model. Further, we present the governing partial differential equations. The resulting model is a highly non-
linear coupled system of partial differential equations. We give some analytical preliminaries in Section 3,
e.g. Sobolev embeddings and interpolation inequalities in Bochner spaces, which will be used in the following
sections. In Section 4, we state a theorem for the existence of weak solutions of the coupled non-linear 3D-1D
model under certain given assumptions. In Section 5, we give the proof of the theorem via the Faedo—Galerkin
approximation and compactness methods.

2. Derivation of the model
2.1. Setup and notation

We consider a region of vascularized tissue in a living subject, e.g., within an organ, which is host to
a colony of tumor cells and other constituents that make up the so-called microenvironment of a solid
tumor. The tumor is contained in an open bounded domain 2 C R?® and is supported by a network
of macromolecules within {2 consisting of collagen, enzymes, and various proteins, that constitute the
extracellular matrix (ECM). We focus on developing phenomenological characterizations of the evolutions
of the tumor cell colony that attempt to capture mesoscale and macroscale events.

The primary feature of our model of tumor growth is that it employs the framework of continuum mixture
theory in which multiple mechanical and chemical species can exist at a point € {2 at time ¢ > 0. Thus, for a
medium with IV interacting constituents, the volume fraction of each species ¢, 1 < a < N, is represented
by a field ¢, with value ¢o(t,2) at € 2, and time ¢t > 0, and ) ¢a(t,z) = 1. Setting @« = 1 = T,
the volume fraction of tumor cells ¢ (¢,x) is understood to represent an averaged cell concentration, a
homogenized depiction over many thousands of cells, since in volumes as small as a voxel in modern tumor
imaging techniques, 4 — 5 x 10* cells can exist.

We could also develop equivalent models in terms of mass concentration, ¢, = pa@q, Po being the mass
density of species a. Moreover, we assume that p, = pg = constant, 1 < o« < N, and thus, C, and ¢,
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(a) Sketch of the domain £ containing a 1D network A. (b) Tumor core surrounded by a network

Fig. 1. Setup of the domain 2 with the microvascular network A = UA; and a tumor mass, which is composed in its proliferative
(¢p), hypoxic (¢u) and necrotic (¢n) phase (left). Three dimensional presentation of a given tumor core surrounded by a capillary
network (right).

are up to a fixed scaling equivalent. This simplification is regarded as a reasonable assumption in many
investigations since the mass densities of species are generally close to that of water at room temperature.

As another important feature of our model, we depict the evolving interfaces in which a smooth boundary
layer exists and which is defined intrinsically as a feature of the solution of the forward problem. This feature
is a property of phase-field or diffuse-interface models and avoids complex interface tracking while producing
characterizations of interfaces between cell species which are in good agreement with actual observations (see
Fig. 1).

Moreover, we consider a one-dimensional graph-like structure A inside of {2 forming a microvascular
network. The single edges of A are denoted by A; such that A is given by A4 = Uiil A;. The edge 4A; is
parameterized by a curve parameter s;, such that A; is given by:

Ai = {IE € Q| xTr = AZ(Si) =T —+ 8; - ($i72 — LTJZ"l), S; € (0, 1)}

Thereby, ;1 € {2 and z;2 € {2 mark the boundary nodes of A;, see Fig. 2. For the total 1D network
A, we introduce a global curve parameter s, which has to be interpreted in the following way: s = s;, if
x = A(s) = A;(s;). At each value of the curve parameter s, we study 1D constituents, which couple to their
respective 3D counter-part in {2. In order to formulate the coupling between 3D and 1D constituents in
Sections 2.3 and 2.4, we need to introduce the surface I' of the microvascular network. For simplicity, it is
assumed that the surface for a single vessel is approximated by a cylinder with a constant radius, see Fig. 2.
The radius of a vessel that is associated with A;, is given by R; and the corresponding surface is denoted by
I;. In fact, I'; is the surface of the cylinder whose center line is given by 4;, i.e.,

Iy ={x € 2|dist(z, 4;(s;)) = Ry, s; € (0,1) }.
According to the definition of A, the total surface I' is given by the union of the single vessel surfaces,
e, I =UN, I

2.2. Constituents

After introducing the domains on which the 1D and 3D models are defined, we describe in a next step
all the dependent variables occurring in our model.
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(a) Outline of a blood vessel network (b) Approximation of the blood vessels by cylin-
ders with a constant radius

N F,L 2,2

(¢) Reduction to a 1D graph-like structure (d) Notation related to a single vessel

Fig. 2. Modeling a blood vessel network (A) by means of a 1D graph-like structure (c). At first the surface of the blood vessels is
approximated by cylinders with constant radius whose surfaces are denoted by I';, see (B). Then, the blood vessels are lumped to the
center lines A; of the cylinders.

The tumor cell’s field, ¢ = ¢r(t,z), can be represented as the sum of three components, ¢ =
¢p + ¢ + ¢n, where ¢p = ¢p(t,x) is the volume fraction of proliferative cells, ¢ = ¢ (¢, z) that of
hypoxic cells, and ¢ny = ¢y (t, z) is the volume fraction of necrotic cells. Proliferative cells are those which
have a high probability of mitosis, division into twin cells, and to produce growth of tumor. Hypoxic cells
are those tumor cells deprived of sufficient nutrient (e.g., oxygen) to become or remain proliferative and
necrotic cells have died due to the lack of nutrients. The local nutrient concentration is represented by a field
o = ¢5(t, ). The tumor cells response to hypoxia (e.g., low oxygen), i.e., ¢, is below a certain threshold,
by the production of an enzyme (hypoxia-inducible factor) that accumulates and increases cell mobility and
activates the secretion of angiogenesis promoting factors characterized by another field, ¢rarp = drar(t, x),
tumor angiogenesis factor. Of several such factors, that most frequently addressed, is VEGF, Vascular
Endothelial Growth Factor, which induces sprouting of endothelial cells forming the tubular structure of
blood vessels, the lumins, which grow into new vessels that supply nutrient to the hypoxic cells. In this
article, we treat a stationary network of endothelial cells and neglect the sprouting.

Moreover, at lower oxygen levels the hypoxic cells release matrix-degenerative enzymes such urokinase-
plasminogen and matrix metalloproteinases, labeled MDEs, with volume fraction denoted by ¢ypr =
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dupE(t, ), that can erode the extracellular matrix, whose density is denoted by ¢rpenr = ¢pens(t, x), and
make room for invasion of tumor cells, increasing ¢ in the ECM domain and increasing the likelihood of
metastasis. Below a certain level of nutrient, or sustained periods of hypoxia, cells may die and enter the
necrotic phase represented by the field ¢ . In many forms of cancer, necrotic cells undergo calcification and
become inert and can be removed as waste from the organism.

On the one-dimensional network A, we consider the constituents ¢, = ¢,(t, s) and v, = v,(t, s), which
represent the one-dimensional counter-part of the local nutrient concentration ¢, and the volume-averaged
velocity v. In addition, we consider both in the vascular system and the tissue domain pressure variables
that are denoted by p, and p, respectively. The different constituents are coupled by the source terms of the
different partial differential equations governing the behavior of the constituents.

For convenience, we collect the constituents within the following 7-tuple:

¢ = (0p, b, ON, b0, OMDEs PTAF, PECM) = (Da)acA,

where A = {P,H,N,o, ECM,MDE ,TAF}, and further, we distinguish between the tumor phase-field
indices CH = {P,H, N}, the reaction—diffusion indices RD = {o, MDE ,TAF'} and the evolution index
{ECM}, which corresponds to an abstract ordinary differential equation.

2.8. Three-dimensional model

The constituents ¢, a € A, are governed by the following mass balance law, see e.g., [5,20],

Oro + div(¢ava) = —diva(e) + Sa(9), (1)

for all & € A, where v, is the cell velocity of the ath constituent, and S, describes a mass source term
depending on all species ¢. Moreover, J, denotes the flux of the ath constituent, which is given by

Jo(@) = —ma(P)Vita. (2)
Here, p, denotes the chemical potential of the ath species and m, the mobility function of it. In our
applications, we consider the mobilities
Mo (@) = Ma(bi(l - (ba)zlda a€CH,
mg(¢p) = Mgly, B € RD,
mpcmv (@) = 0,

where M, are mobility constants and I is the (d x d)-dimensional identity matrix. Especially, we choose
mpcym = 0 in accordance to the non-diffusivity of the ECM, see [27]. Following [5,14,16,26], we define the

o€
Ha = (¢)7
0o
where 6€/6¢, denotes the first variation (Gateaux derivative) of the Ginzburg-Landau-Helmholtz free

chemical potential as

energy functional,
2 D
E(¢) = / {W0r on,0n)+ Y LIV6al+ Y 26— (eeto +x00mcu) Y. ¢afdz.  (3)
£ aECH BERD ae{P,H}

Here, . is the chemotaxis parameter, see [28], x}, represents the haptotaxis parameter, see [12,29], and &4,
«a € CH, is a parameter associated with the interface thickness separating the different cell species. Lastly,
¥ represents a double-well potential, e.g., it can be of Landau type, where we mention the three possibilities

U(pp,dm,dn) = Cupdp(1— ¢r)?,
U(pp,om, dn) = Cupdp(l — ¢p)> + Cupyd3 (1 — d1)? + Coydn (1 — dn)* + Cur g7 (1 — é7)2%,

U(pp, o, on) = Cupdp(1 = d1)° + Cupyd3 (1 — o7)* + CuydX (1 — é1)?,
5
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where C'y,_, are appropriate prefactors. Alternatively, one can also select a logarithmic potential of Flory—
Huggins type, e.g., see [30,31],

Y(op, o, dn) = Cupdplogdp + Cuydmlog oy + Cuydnlogdn + Cuy (1 — ¢r) log(l — or)
+ % (Cupdp(l—bp) + Cuy (1 — d11) + Corbn(l — d) + Copdr(l — 7)) -

Lastly, we also mention potentials, which are used for abstract multiphase models, see [15],

w<¢P7 ¢Ha d)N) = CQ’Pd)?’(b%I + CWH¢%I¢?V + C‘PN(ZS?VQﬁ%Da
The chemical potentials read

Ha = g0 U(dp, $11,ON) — EaAba — Xebo — XndEcm, @€ CH\{N},
ps = Dpgg, B € RD\{c},
pn =gy U (P, $m, ON) — 2 AN, (4)
to = Dobo — Xc(dp + Om),
pecr = —Xn(dp + ¢H).

The necrotic cells are non-moving and only gain mass from the nutrient-lacking hypoxic cells. Therefore,
the mobility of the necrotic cells is set to zero. Consequently, we have my = vy = 0. Consequently, inserting
(2) and (4) into the mass balance equation (1), we arrive at the equations for (¢)accn

atgbp + diV(gﬁp’U) = diV(mp((ﬁ)vup) + Sp(¢),
1p = 0pp ¥(p, b, pn) — EpAdP — Xcbo — XnPECOM

Opn +div(¢pv) = div(mp (@)Viun) + Su(e), (5)
i = sy U(dp, dm, dN) — €5 AGH — Xcbo — XnbECM,
Ovdn = Sn ().

Further, we propose the source functions

Sp(@) = Apds9p(l — ¢1) — Aadp — AppH(oPr — ¢o)Pp + AupH (o — oHP)dH,

Su(@) = Ap, do b (1 — ¢7) — Aa, b1 + ApaH (0P — ¢o)dp — AupH (o — orp)Pu
— AuNnH(ouN — b0 )bH,

SN(@) = AunH(ouN — ¢0)Pm-

In (5), v = v, is a volume-averaged velocity for the fields ¢pp and ¢g. In (6), Ap is the rate of cellular mitosis

(6)

of tumor cells, A4 and A4, are the apoptosis rates of the proliferative and hypoxic cells, respectively, Ap,
is the proliferation rate of hypoxic cells, Apy the transition rate from the proliferative to the hypoxic phase
below the nutrient level opy, Agp the transition rate from the hypoxic to the proliferative phase above the
nutrient level ogp, and Agy the transition rate from the hypoxic to the necrotic phase below the nutrient
level oy . Finally, H denotes the Heaviside step function.

Related models of extracellular matrix (ECM) degradation due to matrix-degenerative enzymes (MDEs)
released by hypoxic cell concentrations and subsequent tumor invasion and metastasis are discussed
in [32-37]. Following these references, we introduce the equation for the ECM evolution,

OroEcm = Seon (P)
= —AgcMp PECM OMDE + ABCMp o (1 — dECM ) H(PECM — PECM),

(7)

where Agcar,, is the degradation rate of ECM fibers due to the matrix degrading enzymes, and Agcar, is
the production rate of ECM fibers above the threshold level ¢gcns, for the ECM density.

6



M. Fritz, P.K. Jha, T. Koppl et al. Nonlinear Analysis: Real World Applications 61 (2021) 103331

Further, for (¢g)serp we arrive at the following system of equations
Ot + div(dev) = div(m, (6)) (Do Vs — XV (0P + ¢nr)) + So (@) + Sou(dos Py Pos Do),
Ordnpr = div(mype(@) DyupeYV ¢umpe) + Svpe (@), (8)
Orprar = div(mrar(P) DrarVérar) + Star (@),
with source functions
So(P) = =Apdsdp(1 — d1) — AP, o1 (1 — 1) + Aadp + Aa, du + Apcvp PEov dmpE
— AecMp o (1 — dEcm) H(dECM — dECMP )
Svpe (@) = —AupE, MpE + AMpEp (0P + ¢H)<Z5ECMUi
oup + ¢
Star (@) = Ararp (1 — ¢1ar)0uH(dn — dmp) — AraAr, PTaF-

Here, AypE, and Arap, denote the decay rates of the MDEs and TAFs, respectively, Aypg, the production

(1 = émpE) — AECOMp, PECM PMDE, ©)

rate of MDEs, and Arsr, is the production rate of the ¢rar due to the release by hypoxic cells above a
threshold value of ¢p,. We note that the cell species ¢, o € {P, H,N,0, ECM}, form a mass conserving
subsystem in the sense that their source terms add to zero. The fields ¢ypr and ¢rar do not belong to this
mass exchanging closed subsystem system since they show natural degradation factors.

Additionally, we have introduced a source term S, in (8) for the nutrient volume fraction ¢,, which
depends on the 1D constituents ¢, and p,, and therefore, this source term is responsible for the coupling
between the constituents in {2 and A. In particular, it governs the exchange of nutrients between the vascular
network and the tissue. In order to quantify the flux of nutrients across the vessel surface, we use the
Kedem—Katchalsky law, see e.g., [7],

Jo0(Pos Py By Pv) = (1 = 16) Jpu (B, pu) P2 + Lo (0 — &), (10)

where J,, represents the flux of nutrients between the vascular network and the tissue. The Kedem-—
Katchalsky law (10) consists of two parts: The first part quantifies the nutrient flux caused by the flux
of blood plasma J,, from the vessels into the tissue or vice versa. It is determined by Starling’s law, which
is given by the pressure difference between p, and p weighted by a parameter L, for the permeability of the
vessel wall,

Jpv(@pv) = Lp(pv _ﬁ) (11)
Here, p denotes an averaged pressure over the circumference of cylinder cross-sections. For each parameter s;,
we consider a point on the curve 4;(s;). Around this point a circle Bg, (s;) of radius R; and perpendicular
to A; is constructed and the tissue pressure p is averaged with respect to OBg,(s;),

7
pr(x)ds.
27 R; OB, (si) ir(@)

From a physical point of view, the averaging reflects the fact that the 3D-1D coupling is a reduced model,
whereas in a fully coupled 3D-3D model, the exchange occurs through the surface.
In order to account for the permeability of the vessel wall with respect to the nutrients, Jp, @5 is weighted

p(si) =

by a factor 1 — 7., where 7, is considered as a reflection parameter. The value of ¢? is either set to ¢, or
¢, depending on the sign of J,,,
¢v _ {(b'ua Do Z 237

7 (bo'? p’U < ﬁ
The second part of the law (10) is a Fickian type law, accounting for the tendency of the nutrients to balance
out their concentration levels. Again, the 3D quantity ¢, has to be averaged such that it can be related to

the 1D quantity ¢,
_ 1

¢o’(si)

= ¢o|r(x)dS.
21 R; 9B, (s;) (@)

7
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The permeability of the vessel wall is represented by another parameter L.

Since the exchange processes between the vascular network and the tissue occur at the vessel surface I', we
concentrate the flux J,,, by means of the Dirac measure 0, i.e., with the distributional space D’ = (C°(12))’
we define

Or,p)prxp = / olr(x)dS for all p € D.
r

This yields the following source term in (8),

SUU(¢O‘7pa ¢1npv) = Jov(¢oapa IIr ¢, Hva)5F7

where IIr € L(L*(A);L?(I')) is the projection of the 1D quantities onto the cylindrical surface I" via
extending the function value IIr¢,(s) = ¢, (s;) for all s € dBg,(s;). In particular, we have

/ Ty () dS = 27 Riho (5:).
OBR, (s;)

We assume a volume-averaged velocity v for the proliferative cells, hypoxic cells, and the nutrients. This
assumption of a volume-averaged velocity is reasonable since the cells are tightly packed. Therefore, we
assume v to obey the compressible Darcy law

v=—K(Vp— 5,0, up, u)),
—div(K'Vp) = Jpu(p, Hrpy)or — div(KSy (@, pp, pr)),
where K > 0 is the permeability and J,,(p, IIrp,)dr models the flux between the vascular system and the
tissue. Moreover, the source S, is assumed to represent a form of the elastic Korteweg force, e.g., see [30],

and we correct the chemical potential by the haptotaxis and chemotaxis adhesion terms as done in [15],
giving

(12)

Sp(@,up,pm) = —(Vip + X Voo + XuVorenm)br — (Vir + xeVoo + XnVodren ) du- (13)
Collecting (5)—(12), we arrive at a model governed by the system,
d¢p + div(gpv) = div(mp(@)Vup) + Sp(9),
pwp = O0pp V(Pp, 1, dN) — AP — Xebo — XnPECM,
O ¢u + div(opv) = div(mu(9)Viun) + Su(),
i =04y V(bp, or, dN) — 31 AbH — Xebo — XnbECM
drpn = Sn(9),
Orpo + div(dov) = div(ms (9)) (Do Voo — xV(op + ¢u)) + So (@) + Jou(bo, 0, 1w, Hrp,)dr, (14)
Or¢mpe = div(mype (@) DyupeVéupe) + Svpe (),
Orprar = div(mrar (@) DrarVérar) + Star (@),
Orprpom = Seom (@),
v=—K(Vp—Sy(¢,pp,pu)),
—div(K'Vp) = Jpu(p, Irp,)or — div(K.S, (@, up, pu)),

in the time-space domain (0, T) x 2 with source functions Sp, Su, Sn, So, SmpE, STAF, SECM, Sp, Tecall (6),
(9) and (13), with properties laid down in Assumption 1 of Section 4. We supplement the system with the
following boundary and initial conditions,

Ma(P)Ontta — Pav -1 =mpg(P)Ondg = Ondy =0 on (0,7) x 912,
P=ps 0on(0,T)x 0p,
Onp =0 on(0,T) x 082\082p,
¢5(0) = ¢s5,0 in {2,

(15)
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for o« € {P,H}, B € RD, v € CHU{ECM}, and ¢ € A. Here, ¢5, are given functions with regularity as
in Assumption 1 of Section 4, 0, f = V f - n denotes the normal derivative of a function f at the boundary
02 with the outer unit normal n and 0f2p is a part of the boundary with positive measure representing an
inlet where the pressure is set to the time-dependent function p, : (0,7) x 2 — R.

2.4. One-dimensional model for flow and nutrient transport in the vascular network

Since the vascular network typically forms a system of small inclusions, we average all the physical units
across the cross-sections of the single blood vessels and set them to a constant with respect to the angular
and radial component. This means that the 1D variables ¢, and p, on a 1D vessel A; depend only on s;. For
further details related to the derivation of 1D pipe flow and transport models, we refer to [38]. Accordingly,
the 1D model equations for flow and transport on A; read as follows,

8t¢v + asi ('Uv(,bv) = asi (m'l)(d)?})DUaSi(z)U) - 27TR71<]<7U(¢07§5 vaapv)»

2 _ (16)
— 05, (RiTK i 0s,pv) = =27 R; Jpo (D, Po)-

As in (14), the fluxes J,, and Jp, account for the exchange processes between the blood vessels and the
2

%, where pyp; represents the viscosity of blood.
For convenience, we fix it to a constant value, i.e., the non-Newtonian behavior of blood is not considered
in this work. The diffusivity parameter D,, is the same as the one of the nutrients in the blood. The blood

velocity v, is calculated as follows via a Darcy-type model,

tissue. The permeability is given by the relation K, ; =

Uy = —R??TKU,iﬁsipv.

In order to interconnect the different solutions on A; at inner networks nodes on intersections x € 94;\94,
we require the continuity of pressure and concentration as well as the conservation of mass to obtain a
physically relevant solution. To formulate these coupling conditions in a mathematical way, we define for
each bifurcation point z an index set N(z) C {1,...,N}:

N(z)={i| z€dA;, ie{l,...,N}}.
Using this notation, we have for p, and ¢, four different coupling conditions at an inner node x € 94;:

1. Continuity of p,:
pv’Ai(x) :pv|Aj(:c) for all j € N(x)\ {i}.

2. Mass conservation with respect to p,:

4
S o
8l 0s;

x) =0.
JEN(z) 4;
3. Continuity of ¢,:

Dol (2) = 60l (2)  forall j € N@)\ {3}
4. Mass conservation with respect to ¢,:

Iy
Z (vv¢v - mv(QSU)Dan])

JEN(z)

(z) = 0.

4;

Further, we decompose the boundary of A into a Dirichlet boundary d4p and a Neumann boundary 94y
such that 94 = 9Ap UdAy. We introduce the inlet functions ¢y, o, Pv.0o : (0,7) = R on d4p and prescribe
the following boundary data for ¢, and p,,

G — Pvco =Pv —Puoo =0 on (0,T) x 0Ap,

(17)
anA¢v: nApv:O on (0,T)><8/1N

9
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3. Analytical preliminaries

Notationally, we equip the function spaces LF(£2), LP(A), W™P(£2), W™F(A) with the norms | |,(g),
| - |Lp(A)7 | - |Wm,p(9), | - |Wm,p(A). In the case of d-dimensional vector functions, we write LP(£2; R?) and in
the same way for the other Banach spaces, but we do not make this distinction in the notation of norms,
scalar products and applications with its dual.

Throughout this paper, C < oo stands for a generic constant, which may change from line to line. For
brevity, we write x < y for < Cy. We recall the Poincaré-Wirtinger and Sobolev inequalities, see [39-41],

|f = felieo) S IVl forall fe WhP(02),

|f|LP((2) S |vf|LP((2) for all f € Wol’p(Q)y (18)
d d
|flwm.acay S [flwkpo) forall fe WhP(Q), k- » >m — 7’ k> m,
where p,q € [1,00) and f = ﬁ fQ f(x) da denotes the mean of f with respect to 2. Also, the last inequality
yields the continuous embedding W*P () — W™4((2).

For a given Banach space X, we define the Bochner space, see e.g., [42],
T
LP(0,T; X) ={u: (0,T) — X : u is strongly measurable, / lu(t) % dt < oo},
0
where 1 < p < oo, with the norm ||ull}, = fOT |u(t)|% dt. For p = oo, we equip L>(0,T’; X) with the norm
lull Lo x = esssup,e (o )lu(t)|x. Moreover, we introduce the Sobolev-Bochner space,
WhP(0,T; X) = {u € LP(0,T; X) : Oyu € LP(0,T; X)}.

Let X, Y, Z be Banach spaces such that X is compactly embedded in Y, and Y is continuously embedded
in Z,ie, X <Y < Z. In the proof of the existence theorem below, we make use of the Aubin—Lions—Simon
compactness lemma, see [43; Corollary 4],

LP(0,T; X)NWH(0,T; Z) < LP(0,T;Y), 1<p< oo,

19

L0, T; X) NWh(0,T; Z) < C°([0,T];Y), r>1, (19)

where we equip an intersection space X NY with the norm || - || xny = max{|| - ||x, || - ||y }. Further, we make
use of the following continuous embeddings, see [44, Theorem 3.1, Chapter 1],

L2(0,T;Y)NH'Y(0,T:2) < C°([0,T] [Y, Z]1/2), (20)

L>(0,T;Y)NCw([0,T); Z) = Cw([0,T);Y),
where [Y, Z]; /» denotes the interpolation space between Y and Z, see [44, Definition 2.1, Chapter 1] for more
details. Also, C,,([0,T];Y) denotes the space of the weakly continuous functions on the interval [0, T] with
values in Y.
We note the following special case of the Gagliardo—Nirenberg inequality, see [45, Lemma I11.2.33],
a e 1 1 «
|flero) S |f‘H1(Q)|f|L2(Q) for all f € H'(12), > =573 @ € [0,1],

which gives in a time-dependent setting, choosing a = 2/¢q with ¢ > 2,

T T
11—«
Il aramion = [ Ol @t S [ O o ) at

T
2 -2
- / u(t) Byr g [u(®)[ 132, dt (21)
2 -2
< ||UHL2(0,T;H1(Q))||“||qLoo(o,T;L2(9))
< (max{]|ul
10

Lo°(0,T;L2(R2)) ||UHL2(0,T;H1(Q))})q-
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In particular, it yields the continuous embedding

L>®(0,T; L*(2)) N L*(0,T; H'(2)) — L%(0,T; L*(12)), 1 + 33 = %
p q

We also make use of the classical Gronwall-Bellman lemma in the energy estimates to absorb solution-
dependent terms on the right hand side of the energy inequalities.

Lemma 1 (Gronwall-Bellman, cf. [}5, Lemma I1.4.10)). Let u € L>°(0,T), g € L'(0,T;R>0) and ug € R.
If we have

u(t) < ug +/0 g(s)u(s)ds  for a.e.t € (0,T),

then it holds u(t) < ugexp fo s)ds) for almost every t € (0,T).

4. Existence of solutions

In this section, we lay down some general assumptions on the model that are in force throughout this
paper. Under these assumptions, we state the definition of a weak solution, and we then state a theorem,
which provides the existence of a weak solution.

For simplicity, we write

Sa = Sa(@), msg=mga(@), ¥ =V¥(dp,¢u,on),
Jp'u = Jpv(p7pv)7 Jpv,F = Jpv(p7 Hva); Jov = Jav(agvﬁa ¢v7pv)7 JJU,F = Jav(¢07p7 Hf(bva Hva)7

where « € A and 5 € A\{N, ECM }. We introduce the scaled parameters R =27R; and K, = RirK,; in
order to express the 1D model (16) in a shorter way. Moreover, we define the cut-off operator

C(x) = max{0, min{1,x}}. (22)
Moreover, we introduce the following abbreviations for frequently appearing function spaces,
V=H(2) <= H=IL*Q) < V' =(HY(2),
Vo=Hp() = H=L*0) < Vo’=(HD( ),

W=WI2(0) & H=I2) < W =WY Q)
X = H'(A) o Y =L*4) < = (H'(4)),
Xo=Hp(4) <= Y=L*4) <= X;=(HpA)),

where we have denoted the Sobolev space of vanishing trace on 92p C 92 by H5(2) = {u € H'(2) :
u|gn, = 0} and in the same way H},(A) = {u € H'(A) : ulpa,, = 0}. We equip these spaces of vanishing
trace with the norms |- |y = [V - [y and |- |y, = |[Va - |y, respectively. Here, we use the notation V, for
the space derivative of the 1D fields.

The space W with the Lebesgue order 3/2 becomes useful in the application of the Holder inequality.

Indeed, we have the relation % = é + %, and therefore, we obtain

|U‘P|L3/2(Q) < |u|L6(Q)|SD‘H S lulylely forallueVipeH,

where we also applied the Sobolev embedding theorem V < L5({2) in the three-dimensional domain 2.
Hence, we have for all u,p € V|

3/2 3/2 2/3 <
IWIW—(IWILs/z +|V(w)|L3/z(m) < uplps/zio) + IV (u@) a2y S lulylely, (23)

where we used the Bernoulli inequality to obtain (a 4+ b)" < a" + b" with a,b > 0, r € [0, 1].

11
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Assumption 1.

(A1) 22 C R? is a bounded domain with C1:'-boundary, 4 is a 1D structure as depicted in Fig. 2c, I' is the
2D associated cylindrical surface, see Fig. 2d, and T > 0 denotes a finite time horizon,

(A2) ¢oo € V for all « € CHU{ECM}, ¢po € H for all B € RD, ¢u0 €Y, ¢u.00:Pvoc € H(0,T) C
C([0,T)) and po, € H*(0,T; H) N L*(0,T; V) C C([0; T); H),

(A3) Xe, xn = 0 and 4, Dg, Cy, Ky, R > 0 for « € {P,H}, 8 € RD,

(A4) S, are of the form

Sa(d)) = Z ¢7fa;7(¢>7 o€ A\{N, ECM},

yEA

Sa(@) = f5(9), B e {N,ECMY},
Sp(d)v Hp, :U’H) = _C<¢P)(V:U’P + Xcvd)a + th¢ECM)
—C(ou)(Vem + X Voo + xnVorenm),

where f., € Cy(RM), f5 € Lip(RMI) 0 PCYRMI), such that |fa|,|fs] |04, fs] < foo for all
a € A\{N,ECM}, B € {N,ECM}, v € A,
(A5) Jp, and Jo, are of the form

Jpv(ylvyZ) = Lp(y2 - yl),
Ja’v(mlayhx%yZ) = fa,v(mlaxZ)Jpv(ylvy2) + La(x2 - xl)v

where f,., € Cp(R?) such that |f,.,(z)] < fs for all z € R? and L,, L,, K > 0 are sufficiently small
in the sense that the prefactors in (53) are positive,

(A6) mq € Cy(RM) such that 0 < mg < mg(x) < meo for all z € R for all a € A\{N, ECM},

(A7) ¥ € C'(R?) non-negative such that ¥(0,0,0) = ¥’(0,0,0) = 0, and there are constants Cu;,
j €{1,...,3}, such that for all (z,y,2) € R? it holds

¥(2,9,2) = Coy ([2* + Iyl + [2I*) = Cus,
1009 (2,9, 2)1, 19, ¥ (, 9. 2)1, 102 ¥ (.9, 2)| < Cay (14 || + [y] + |2]).

Remarks on the assumptions:

(A4) After a suitable reformulation of the source functions (6) and (9) with the cut-off operator C,
see (22), and replacing the Heaviside functions by the continuous Sigmoid function, the source
functions can be brought into the form as stated in assumption (A4). Further, the assumption
fs € Lip(RAN) N PCY(RIMI), 3 € {N, ECM}, ensures the validity of the chain rule if fa is composed
with a vector-valued Sobolev function; see [46,47]. In particular, we have for all « € A,

(Via(8), Vo)t = 3 (06, f5($) V. V)it < foo 3 [V3 11| Vbal .

yeA yeA

(A5) We consider the unique, linear and continuous trace operator, see [48],
trp s W — WY332(I) such that trpu = up for u € C>(12),

onto the two dimensional associated cylindrical surface I' of the one-dimensional network A, see Fig. 2.
In two dimensions, we can apply the Sobolev embedding theorem to obtain W1/33/2(I") «— L*(I),

12
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see (18). Note that this embedding does not hold in three dimensions. Consequently, we have

lor|w: = sup |{(6r,¢)w|= sup ‘/trmp ds’< sup |trpgo\L1
lely <1 Isalw<1 \v\w<1

r)
< CW1/313/2(F) |trr |£(W;W1/3v3/2(r))7

where CW1/3 3/2(r) denotes the embedding constant from W'/3:3/2([) < LY(I'). Therefore, we have

dr € W’ and in the following existence proof we often apply the estimate for p € W
<5F> Jav,F(P>W = /FJav,FtrF(P(S) ds < ‘Jav,F|L2(p)|trF(P|L2(p) < CF|Jav,F|L2(F)|(p|Wa (24)

for a € {0, p}, where
Cr=CY ) i
= Yyass/2my o (wi,wi/3:3/2(r))

Further, we can estimate the fluxes by

|Jpv,F|L2(p) < Ly(Crlply + |HF|L(Y;L2([‘))|pv|Y)a

[Jou,rlp2ry < fooLp(Crlply + | o iv,2(ry IPoly) + Lo (Crléolw + [l v,2(ry) 1 doly)-
The assumption of smallness of L, and L, is generally accepted in the analysis of very weak solution
of the stationary Navier—Stokes equation. There, one also considers a distributional divergence, which

should be sufficiently small, see [49]. Additionally, in [50] the authors have shown well-posedness of
an abstract stationary 3D—1D model if the prefactor of the Dirac delta functional is sufficiently small.

(25)

(A7) The assumption on the potential ¥ is quite typical in the analysis of Cahn—Hilliard equations, see
also [12,13]. In order to take the fourth order polynomial (z +y + 2)?(1 — 2 — y — 2)?, we have to
extend it by a quadratic function outside of the interval [0, 1], i.e

(z+y+2)% z+y+z<0,
U(z,y,2) = (@+y+2)P1-z-y—2)?> z+y+2ze(0,1],
(1—z—y—2)2 T+y+z>1,

and one can show that ¥ € C?(R3;R).
We invoke from (A7) and the fundamental lemma of calculus the upper estimate

U(zx,y,2) = ¥(0,y,2) /a@x%

Yy z
— ¥(0,0,0) +/ 0, (7, y, ) di +/ 8, ¥(0,7, 2) dj +/ 2.v(0,0,5)dz  (20)
0 0 0
S lal* +lul” + 1
We define a weak solution of the coupled 3D-1D system, see (14) and (16), in the following way.
Definition 1 ( Weak Solution). We call the tuple (¢, up, firr, v, p, ¢y, Uy, Py) & weak solution of (14) and (16)

with boundary data (15) and (17) if the functions ¢ : (0,T) x 2 — R4 1up, g, v, p, by, v, po : (0, T) x 2 —
R have the regularity

bo € HY(0,T;V')NL>®(0,T;V), ac{P H},

o € L2(0,T;V), ac{P H},

¢s € H(0,T; H)N L>(0,T;V), B € {N,ECM},

¢, € H'(0,T; V)N L>®(0,T; H)N L*(0,T;V), ~€RD, (27)

(v,p — Peo) € L*((0,T) x £2;R?) x L*(0,T; V),
by — oo € H(0,T; X)) N L>¥(0,T;Y) N L*(0,T; Xo),
(Vv Py — Pu,oo) € L*(0,T3Y) x L*(0,T; Xo),
13
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fulfill the initial data ¢o(0) = Pa.0, o € A, ¢4,(0) = ¢y 0, and satisfy the following variational form of (14),

(Ocpp, 1) w2y — (C(oP)v, Vor)u + (mpVup,Voi)n = (Sp,1)u,
—(psp2)m + Ogp ¥, 02) 1 +€p(Vop, V)i = Xc(do, 02) 1 + Xn(drcn, ¢2)u
(Ocpm, p3)wrs(o) — (C(ou)v, Vos)u + (muVuu,Vs)n = (Su,¢3)u,
—(pa, 00 i + (Op Uopa) it + €31 (Vorr, Vou) i = Xe(bos 1) i + Xn(PECM, 02) 1
(Ocpn s p5)H = (SN, @5) H s
(000, p6)w1.3(2) = (C(da)v, Vo) + Do(MmoVdo, Vs)u = (S0, 06)u + (0, Jov,rve)w

(28)
—Xc(moV(¢p + éu), Vo) r

(OrdmpE, 07)v + Dype(mameYV éupe, Ver (SmpE, 7) H

(O¢drar, ps)v + Drap(moarVérar, Vs (STaF, 08)H,

(v, 10 —K(Vp,¢10)a + K(Sp, ¢10) 1,

JH =
)H
(Ordmom, po)v = (SEcnr, wo)H,
)H
K(Vp,Voi)a = (0r, Jpo,rein)w + K(Sp, V1),

for all p; € V, j € {1,...,9}, p10 € L2(£2;R3), ¢11 € Vi, and the variational form of (16),

(81, 012) x — (C(D0)00, Vap12)y + Do(muVade, Vagia)y = —R(Jow, 012)v,
(v, 913)y = —Ko(Vape, 913)y (29)
KU(VApTM VALPM)Y = _R(Jpvy ‘;014)Ya

for all (NS Xo, jJ € {12, 14}, pi3 €Y.

The initial data ¢ (0) = ¢q,0, o € A, are well-defined with assumption (A2) on the regularity of the initial
data. Indeed, from the regularity given in (27), we achieve, by the embeddings (20), the continuity-in-time

regularity
¢ € C°([0,T]; H) N Cy([0,T1;V), o€ CHU{ECMY,

ps € C°([0,T]; V') N Cu([0,T); H), B<€RD,
¢y € CO([0,T]; X4) N Cu ([0, T];Y),

and therefore, ¢, (0) is well-defined in H, ¢5(0) in V' and ¢,(0) in X{.
We use a mixed boundary approach for p, ¢,,p,, e.g., for the pressure p we define p = p — po with
Ploap = 0 and (Onp + Onpoc)a\on, = 0. Hence, we consider the partial differential equation

—div(KVp) — div(KVpso) = 61 Jpy,r — diviSy,
with the weak form with the test function g € Vj
K (VP + Vpoo, V@) i — K(Onp + Onpes, Q)L2(a(z (06r, Jpo,r@)w + (KSp, Va)u — (KSp - n, q)L2(an)a
or, after the cancellation of the boundary terms,
K(Vp,Vq)u = (or, Jpo,ra)w + (KSp, V@) u

The main result of this paper involves stating the existence of a weak solution of the 3D—1D model, see
(14) and (16), in the sense of Definition 1.

14
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Theorem 1 (Ezistence of a Global Weak Solution). Let Assumption 1 hold. Then there exists a weak solution
tuple (¢, wp, fii, D, Gu, Dy) to the 3D—-1D model in the sense of Definition 1, which additionally satisfies the
energy inequality

H W”LOO(O,T;Ll(Q)) + Z ||¢a||2L°°(0,T;V) + Z ”/LB”%2(0,T;V) + Z ||¢’Y”ioo(O,T;H)mL?(O,T;V)
a€CHU{ECM} Be{P,H} YERD
2 2 2 2 2
+ ||U||L2(0,T;H) + ||p||L2(O,T;V) + ||¢v||L<>°(o,T;Y)mL2(0,T;X) + ||“v||L2(o,T;Y) + ||pv||L2(0,T;X)

2 2 2 2 2
S 1+ [duoly + Z |Pa,0ly + Z [$s.0ly + ||p00||%2(0,T;V) + ‘(bv,OO‘Hl(O,T) + |pv,oo|L2(o,T)-
aeCHU{ECM } BERD
(30)

5. Proof of Theorem 1

To prove the existence of a weak solution, we use the Faecdo—Galerkin method [41] and semi-discretize the
original problem in space. The discretized model can be formulated as an ordinary differential equation
system and by the Cauchy—Peano theorem [51], we conclude the existence of a discrete solution, see
Section 5.1. Having derived energy estimates in Section 5.2, we deduce from the Banach—Alaoglu theorem
the existence of limit functions which eventually form a weak solution, see Section 5.3. This method is by
now standard in the analysis of tumor growth models, e.g., see [30,52-54]. Nevertheless, the novel nonlinear
coupling of the equations requires a thorough proof of the existence of a solution to the system.

5.1. Faedo—Galerkin discretization

We introduce the discrete spaces

Hk = span{hl, ey hk},
HY = span{hY, ..., hQ},
Y = span{yi,...,yx},

where h; : 2 = R, h? 2 =Ry : A - R, je{1,...,k}, are the eigenfunctions to the eigenvalues
Ah,jy Ano j» Ay; € R of the following respective problems

(Vh;,Vo)g = A j(hj,v)g Yv eV,
(Vh), V)i = Ao ; (RS, 0)r Vv € Vg,
(Vyja VU)Y = Ay7j(yj,v)y Yv € Xo.

Since the inverse Neumann-Laplace operator is a compact, self-adjoint, injective, positive operator on LZ(12),
we conclude by the spectral theorem, see e.g., [55, 12.12 and 12.13], that

{h;};en is an orthonormal basis in H and orthogonal in V.

Therefore, UpenHy is dense in V. Additionally, {h;};en is a basis in H%(2) = {u € H*(2) : O,u =
0 on 012}, see [8].

Next, we investigate the inverse Dirichlet-Neumann Laplacian (—A)~Yy : H — H, see, e.g., [56] for
the consideration of the Dirichlet—Neumann Laplacian in a Faedo—Galerkin approach. According to the
Lax-Milgram theorem, for all f € H there exists a unique solution uy € Vj to the problem

(Vuy,Vo)g = (uyp, flu Vv € V.

15
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Additionally, it holds |uf|v0 < |f|y for all f € H and we can construct an operator T € L(H;V,) with
Tf = uy. Since Vj is compactly embedded in H, we conclude the compactness of T' € L(H; H). Taking the
test function v = T'g for an arbitrary element g € H, we obtain the self-adjointness of T,

and taking g = f yields the positivity of T',
(T, )i = VTl > 0.

Additionally, T is injective, since Tf = 0 yields (f,v)g = 0 for all v € H and hence, f = 0 almost
everywhere. Similarly, we can derive the same results for an operator T € L(Y;Y") corresponding to the
eigenvalue problem on Y. Hence, by the spectral theorem we conclude

{h$}jen is an orthonormal basis in H and orthogonal in Vg,

{y,}jen is an orthonormal basis in ¥ and orthogonal in Xj.

Additionally, we deduce that UgenHj is dense in Vg and UgenYy is dense in Xo.
We consider the Faedo—Galerkin approximations, a € A, g € {P, H},

k k
= Zga,j(t)hja Ng(t) = ZCB7j(t)hja ( ¢v oo + ngﬂ ij
Jj=1 j=1

(31)

k

P(t) :pw(t)"‘ZCp,j(t)hga PE(t) = puoolt +ZCPU] VY5
=1

where (€4,)aca : (0,T) — Rl (Cs,j)peqp,my : (0,T) — R? and &, 5, Cp.js Cpo,j ¢ (0,T) — R are coefficient
functions for all j € {1,...,k}. To simplify the notation, we set ¢* = (¢ )qea, and
Sk = sa<¢>’“), m =mﬁ(¢>’“>, vE = W(¢p, Ol D),
_ —k
J:v = Jpv(pk,p5)7 pv r = ( prf) Jk’u = JUU(¢0'7p ’¢v’pv)
Tyor = Joo(5. 0" r oy, Irpy),

where a € A and 8 € A\{N, ECM}. The Faedo—Galerkin system of the model then reads

(0:0py 1) — (C(OP)V", Vor)m + (mpVup, Vo )u = (Sp, 1),

—(p, p2)m + Dy U*, 02) i + €p (V. Vipa)r = Xe(05, 02) 1 + Xn(Dpenr 02) 1
(8t¢]1€—17¢3)H - (C(¢’;I)Ukav§o3)H + (mZVMIE7V¢3)H = (51;17¢3)Ha
)
)
)H

—(ups pa)m + (D UF, 0a)m + e (Vo Vou) m = Xe(8h, o) i + Xn(Dhens, pa) i
(DdNs 05 (SN7¢5)H7
(e 06) 1 — (C(85)0", Vips) 1t + Do (mEV S, Vo) ir = (Sh, w6) i + (Or, 5w ro6)w (32)
— Xe(MEV (¢ + &%), Voo )

(0 bhipes 7)1 + Dype (MhypeV Shipe, Vor) u = (Sipm, 97,
(00 ar p8) 1 + Drar (MipueV $ap, Veos)n = (Stap, 98) i,
(Oedhcnr, p9) i = (Spears o)

K(Vp*, Vi) = (6r, Iy, reroyw + K(Sy, Vo) n
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for all ¢; € Hg, i € {1,...,9}, p10 € HY, and

0k, 011)y + Dy (mEVAGE, Vapi1)y = (C(¢F)0F, Vapir)y — R(JE,, o11)y,

~ N ~ (33)
K’U(v/lpva vA‘PlZ)Y = _R(JpU7 9012)3/3
for all p; € Yy, j € {11,12}, where we define the Faedo-Galerkin ansatz for the velocities v*, v by
o = —K(Vp* — S;f), (34)
vf = —KUVApS.
We equip the system with the initial data,
k
o(0) = Iy, duo, a € A,
¢ ( ) Hk¢ ,0 (35)

PE(0) = ¢y,00(0) + Iy, bu.0,

where I, : H — Hy and Ily, : Y — Y} are the orthogonal projections onto the finite dimensional spaces,
which can be written as

k

k
Mg, h =Y (h,hy)uhs, and Iy = (y,;)vy;.
=1 =1

After inserting the Faedo—Galerkin ansatz functions (31) into the system (32)—(33), one can see that the

Faedo—Galerkin system is equivalent to a system of nonlinear ordinary differential equations in the unknowns
((goz,j)aeAu{u}, (Cﬁ,j)BeCHU{npv}hngk with the initial data,

€a,j(0) = (a0, hj)H, €A,
Ev,j(o) = (éf’v,o,yj)%

Due to the continuity of the involved nonlinear functions the existence of solutions to (32)—(33) with
the initial data (35) follows from the standard theory of ordinary differential equations, according to the
Cauchy—Peano theorem [51]. We thus have local-in-time existence of a continuously differentiable solution,

(", 1, 15, DF = Doy OF = Bu.00s PE = Puoo) € [CH([0, Th; Hi)JHA! x [C0([0, Th]; Hy))? x CO([0, Ty.]; HY)
X Cl([O,Tk},Yk) X CO([O,Tk];Yk),

to the Faedo—Galerkin problem (32)—(33) on some sufficiently short time interval [0, T]. Further, we obtain
divS{,f € H by the representation of S{;, see (A4), and therefore, v* € H with dive* = — K (Ap* — diVS;f) =
J;)Cv’[*(s]". Similarly, v¥ € Y with divo® = fRJI’fv.

5.2. Energy estimates

Next, we extend the existence interval to [0, T] by deriving Tj-independent estimates. In particular, these
estimates allow us to deduce that the solution sequences converge to some limit functions as k& — oco. It will
turn out that exactly these limit functions will form a weak solution to our 3D-1D model (14)—(16) in the
sense of Definition 1.

Step 1 (Testing)
We derive energy estimates of the model (32)—(33) by choosing suitable test functions in the variational
form. For the Cahn-Hilliard type equations, we choose 1 = u% + xed® + xndhcns, w2 = 0ok — b,

17



M. Fritz, P.K. Jha, T. Koppl et al. Nonlinear Analysis: Real World Applications 61 (2021) 103331

03 = uh + Xk + Xh(b%CM, 01 = 00k, — by, 5 = HHka(b;;v vk — &2 Agk;, and we arrive at the system of
equations,

(at¢Pv NP + Xc¢ + Xh¢ECM H+ ‘\/ mPv:U'P’ =(C (¢P) F, Vﬂ’f) + XCV¢§ + XhVQS%CM)H
— (mp VU, XV + Xn V) 1
+ (SE, 1 + xetF + xndscar) 1,

g2
(84"13 Uk, 00 i + 7paw¢P|H + |NP|H = (Wp + Xc®h + XnPhon, 0edp) i + (%k AN
— (X + XnPhenss 1p) i +€p(Vop, Vilb ),
(01057, Wi + Xedk + xndhens) 1 + )\/ mHVHH‘ C(d5 )", Vg + xeVok + XV éien )

— (M Vg, X Voh + xaVhon )

+ (SE, 1y + Xxedt + xndben) ms
2

d
(ka vk, 0 + 2L |V¢H|H + |MH|H = (1l + Xc®h + XnPhonr, O ) 1 (3¢1;{ AN

2 de
— (XeBE + XnPhenrs ) i + €3 (Vi Vil ) u,

e, d 2
(Ou i Dy 0")s+ 5 S (G0 = (5K T, 0y 91+ <3 (VSK, V)

2 dt
(36)
We exploit that the time derivative operator is invariant under the adjoint of the orthogonal projection.

Further, for the reaction-diffusion type equations, we choose pg = C,¢F, C; > 0 to be determined,
o1 = O ipEy P8 = Prap, 0o = dcns — Ad%cns, Which yields the system,

2
- dt|<z>’“|H = xeCo(mgV (0 + 0r), Vog)u + Co(S5, 05
Co (C(05)0", Vo) + Co (01, Jou,rd5hw
1d 2 2
§&|¢?\4DE‘H + DMDE‘\/ M pEV e g (S¥ipm: Phime) (37)
§&|¢TAF|H + DTAF’ Map Viap b (STaps $rar)

1d 1d
B dt|¢ECM|H 9 dt|v¢ECM‘H = (SEcars Obens) i + (VSEenrs Vogens) s

and for the equations in Y3, we choose 15 = C, (¢" — ¢v,00); Cv > 0 to be determined, giving

|¢’“ ooy = Co(C(#F)0h, Vadh)y —Co(RIE, + &)y oo 85 — buoc)y,  (38)

2 dt
Similarly, we test Egs. (34)2 by %v{f to obtain
1 2
?h’ilH = _(VA(pﬁ —pv’oo),vf)y R(J vapv Pu,oo)y - (39)

We test (34); by &v* and simplify the first term on the right hand side by comparing it with Eq. (34); for
the velocity v* and the pressure equation (32), which is tested by @19 = p¥ — pso. This procedure yields

1 2

?|vk|H = _(v(pk _poo)avk)H + (vpooavk)H + (SS»'UIC)H
= K(Vp* — S5 V(0" = po)) it + (VPoo, )11 + (S5, 0%) (40)
= (or, J;va,r(pk — o)) — (VPoos V™)1 + (S§7Uk>H
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Step 2 (Estimates)
We separate this step into three sub-steps by deriving the energy estimates separately for (36)—(38).

Step 2.1 (Estimate for (36))
Adding the equations in (36) and (40) gives

2 2 d
B dt|v¢’P|H 9 dt|v¢H|H 9 dt|v¢N|H+‘ mPV,uP’ +’\/mHvﬂH‘

+ ‘:uP|H + ‘:UH‘H + E‘”kh{
= (C(PI", Vil + XV ok + XnVdhen) i — (MY lp, X Vol + xnVélhons) 1
+ (S 1+ XeB + XnSen) 1 + (O U* = Xebs — Xnhons: 1p)m + e(Volp, Vip)u (41)
+(C ( ) V/~LH + Xcvéﬁlc + XhV¢EcM)H - (mHVMHa Xcv¢k + XhV¢ECM)
+ (ST 15y + Xe®E + xXnden) i + O UF — Xedlk — Xndhens, 1) i + €3 (Vo Vb u
ok,
+ (SN, 1,0 ok, V) i+ eX (VSN Vo) + (60, Iy, (0" — Poo))w — (VPoo, V") + (S5, v*)u
= RHS¢y.

W i) + 5

We note that the two convection terms cancel together with the last term (S]’j, v¥) g on the right hand side.
We apply the Holder inequality on the terms on the right hand side, and use the assumptions (A4) and (AG),
which gives
RHScw < Mool Virh |y (xel VOE |y + Xl V& hene i) + 1B e (105 ir + Xel 05| + XnlPhon | m)
1l (104 WFI+ Xel05 11 + xul0Ben ) + eI Vbl ul Viklu
+ m00|v:u']I€-I|H(XC|V¢§|H + Xh|v¢%CM|H) + |S}€{|H(|/‘]12I|H + XC‘¢];|H + Xh‘¢IJ€ECM|H) (42)
10l (100 OF1+ Xel5 |+ XnlOpenr i) + 5|V Sl Vit |
+ \Szl%lHlﬂHk5¢l]cv UF| XV SRV ON 1 + (s T, p (0" = poo))w + [VDool i [0* [ 1

We note that the norm of the orthogonal projection is bounded by 1. We use a similar argument as in (24)

and (25) to estimate the term involving the Dirac delta functional dp, i.e., with the assumption on the form
of J*

o1 See (AD), we obtain

(Or, Ty r (0" = poo))w

<Crlp* _p00|W\J§u,F|L2(p)

< CrLplp" = pooly (Crlp" = poclyy + Crlpoelw + 1| £y.12(ry) D5 = Posooly + 1P| £(y.n2(ry) [Po,coly )
< CLLy (99" 5y + IVapkly + ool + Pocol”);

where we also applied the Poincaré inequality on p* — po, € Vo and pf — Pu,co € X with the Poincaré
constants Cp o and Cp 4, giving the constant

2 2
€1 = maX{QC%(CXVy(C}%,Q +1); |HF|£(Y;L2(F))OI%,A; |HF‘L(Y;L2(F))|A|}'
Further, using the form on v* and v* gives
_ 2 2 ~_ 2
(6r, J;:];Cu,l"(pk — Poo) )W < Ole(K 2|Uk|H + |S§|H + K, 2‘U5|y + |p00‘%/ + |pv,<>0|2)-

We apply Young’s inequality on the norm products to separate the terms. Here, the goal is to make
the terms involving i |, |1f;]y,, [Vé% |, small, since we cannot absorb them with the Grénwall-Bellman
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lemma later on. We only track the important constants, which are used to absorb the terms on the right

hand side with the left hand side, the other ones we simply denote by the generic constant C. We have

2m ooXc ooX .12 2
RHScx < |VMP|H |VoE ‘H o h|v¢ECM|H+3|SP‘H (|M]12|H+X3‘¢];|H

2 et 2
+ X3 loken 5 ) +1|M’E|H +3(10, T2 4 10k + X3 || ) + *P|V¢I13\H

2m?

mo 2 My 2 2mZ 2 2 2 x2
+ —= Vb + == |V + 22| Ve + h|V¢ECM|H+3|5H|H
4 4 mo mo

1 2 2 2 1 2 2
+ Z(IM’EIH + X215y + Xl Shon ) + K‘MIICJ‘H +3(19 T 31+ X D7)
et 2 mo 2 1 2 1 2 2 et 2
+ £|V¢%‘H + 7|VNI;I|H + *‘SJIWH + *|8¢k ![/k|H +E|VS§7|H + TZ‘V(ZSMH

+ OLy (K2 iy 18515+ R ol + Ipecl + puscel®) + 5 19poolly + 52 10¥ 13,

(43)
where £ > 0 is a constant, which will be determined later on, see (52) for more details. We estimate the
terms involving the potential ¥ via assumption (A7) and afterwards, we collect the terms with the same

norms, which yields

2 2 4m? 2 2 2

RHScy < 722 (|VMP|H + |VMH|H) (|M]1€:’|H + ) + 7‘V¢§|H +e|VSy [y
44

Sl + ULy (K25 + 18517 + K20k 5+ ol + [poscel?) (44)

2 2 2 2
+C(10515 + opl2 +1oul> + [onl2 + [ Bhenly + [Pl + 1S53 + 1S5 5 + 1S5 15).

We insert this estimate into (41), and absorb the terms involving the chemical potentials, and arrive at the

upper bound

d g2 2 €2 2 mo 2 mo 2 1 2
19100+ LI + TVl + VoL | + 2 Oub + IVl + 5l

1 k2 1 Cl D 2
+2|MH|H+(2K e Uk |2 (45)

Amioxe 2
STO\V¢’§—IH+€IVSJ’%IH+01 p (151 + K2I0E) +C (105 + 1651 + 1okl

2 2 2 2
+ |¢]1€v v T |¢§JCM‘V + ‘d)ﬂy + |p<>o|v + |pv,<>0| + |SJkD|H =+ |SIk{|H + ‘SJ]WH ) .

Step 2.2 (Estimate for (37))
Adding the equations in (37) gives

\¢> (2

2 1
2 " +§dt|¢MDE|H+DMDE’ mlfVIDEV¢§4DE’H+§a|¢]%AF|H

2
+DTAF‘\/mTAFV¢TAF’ 2dt|¢ECM|H 2a|v¢%CM‘H
= XcCo(mEV (¢% + 051), Vo) i + Co(SE, 85 i + Co(C(o5)0*, Vo5 i + Co(0r, 5, pdb)w

+ (Skm> Ohme)# + (Siap, Oiar) i + (Shens Phen )5 + (VSEens, Vohon )
= RHS%p.

(46)
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We estimate the term involving the Dirac delta functional as before, i.e., we use assumption (A5) and the
inequalities (24) and (25) to obtain

Color, JE, o5 )w
< CoCrldkly (JooLp(Crlp™ly + 1Tl 2y 20y PEly) + Lo (Crlékly + el ey, 65]y)
< CoCymax{Ly; Lo (1051 + |08y + K20k | + SE + K20k ]y + [pocly, + [po.ol”),
where
Cy = maX{24C%(Cw‘//v)2§ fgoCIQ“(CI‘//V)Q(CJ%,Q +1); fgomﬂi(y;/;?(r))cz%,/l? §o|HF|?:(Y;L2(r))|A|§
|HF|2L(Y;L2(F))}'

In a similar way to the estimates before, we apply Holder’s and Young’s inequalities on the terms on the
right hand side, which results in

Cym? x? 2 C,D,m
RHSwp <~V (0l + 0fy )iy + =7 [Voly + OS5I + 165 1)
CyDsm 2 _ 2
+ 7O|V¢k|H |”k|H + C2Cs max{Ly; Lo} ( |¢§|V + |¢§|Y + K 2‘””H

(47)
2 2 2
+|Sk| + K, 2‘7}k|y+|27oo|v‘|'|pvoo| )+ (|S]IT4DE‘H+|¢§\/[DE|H+|S§‘AF|H

2
+ |¢TAF|H + ‘SECM|H + ‘¢ECM|H ) +e|VSEen g + ZE|V¢ECM|H7

where we used the same constant e as before in (41) and applied the assumption on the form of J* ou, I S€e
(A5). Again, collecting the terms on the right hand side and absorbing the terms with their counterparts,

we have

1d
>dt [C |k |H + |¢MDE|H + |¢TAF|H + |¢ECM|H + |V¢ECM|H + DMDEm0|V¢MDE|H

2 Cy, 2
+ Drapmo|Véhoap| 5 + - (Dymo — 2Co max{L,; L, })|Vok|y,

Co' CQCO— maX{L ,Lo—} k12 k12 ~ _ k12 k 2 (48)
S (DomO + K2 L |’U |H+C2CUmaX{LP;LU}(|Sp|H+Kv2|v7j|Y) +E|VSECM‘H
2 2 2 2 2 2 2 2
+C (lorly +10uly + 16515 + 108mpl + 67arly + 105an v + 100]y + [Py
2 2 2 2 2
+ Pucol” + 1S5 + 1Smely + 1S7ar |y + 1SEav|a ) -
Step 2.3 (Estimate for (38))
Lastly, adding the equations in (38) and (39) gives
k k
R L+ )

= O’U(C(d)u) U’VA(ZSU)Y -G, (RJO'k’U + ¢v,o<>v d)'u - ¢v,oo) R(Jk 7pv pU7O<>)Y'

We estimate the last term on the right hand side with the Poincaré~Wirtinger inequality (18) with constant
Cp, the Darcy law (34) and the Young inequality as follows

RCP 2

R2C?%
TP|J]§U|y|fUTIj|Y
v K,

~ 2
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Additionally, repeating the steps from before and using the assumption on the forms on Jp, k and JE | see

(A5), we arrive at

C, d 2 2 1 2
5 qil? — Pvocly + CuDumo|Vadily + =[vily
v
S Uy — 1V + R + C V.00 + v~ Pv,00 pv =~ |Uy
bl + ST+ BV, + Ol1bhoel® 108 = bucely) + TV + b
C’U k12 C D 1Mo k k 2 1 k12 _
é U, 7V +C v,00 + v,00 +T’U,U + ].+C K’U .
Dvmol ly + IVadbly + C (16 nol* + 165 — b0l 4Kv| ly =+ ( K,

_ 2 = 2 2 2
R202maX{Lp§Lo}(|¢§‘v+|¢5|y+K 2|Uk|H+‘S§|H+Ku2|”5|y+|p00|v+|pv,<>0| )»

which gives after choosing C,, > 4K” and absorbing
2 3C,Dymy 2 1 (14 C2K;)R2Cymax{L,; L.} 2
9 dt|¢k ¢U,OO|Y+?|VA¢§|Y+ (21? - E K2 L |U5‘Y

2 2 2 (50)
< (1+ C3K; )R Comax{Ly; Ly} (16515 + 105 — duccly + |ducol® + K205 + SEL,

2
+ ‘pOO|V + |pv,00| ) +C(|¢v,oo| + |¢5 - ¢v,M|Y)'
Step 3 (Adding)
We add Egs. (45), (48) and (50) to arrive at

1d

2 2 2
Sdt [2|Wk1;1 Q)+5P|V¢P|H+€H|V¢H‘H+€N|V¢ +CJ|¢§|H+|¢§CMDE|H+|¢]7€“AF|H

2 2 mg 2 mo 2 1 2 2
+105enly + Coldl — du.oly +7|V:U‘IICD|H + T‘V.UJ]ICHH + 5\#’13|H + §|/L]1€LI|H

( 1 GiL, G, (Co+R*+RUCIE;NCy maX{Lp;LU}> ot
H

2K K2 Dymy K2

oDomo  4mZx? R
N <C Mo  AMXe (Co 4 Ky +1)C, max{Lp;La}> |V¢Zﬁ1

2 mo
2 3C,D,m
+ Dupemo| Vel + Drarmo|V ¢hap|y + %OWA%H
1 CiL, (C,+ R®+ R*C}K,')Chmax{Ly;L,} ok
ok, | k2 I vly

2 2
e(IVSE |5 + VSt i) + (C1 + (Cy + R? + RE]CEK 1) Cy) max{Ly; L, }|S | +C (1+ppl
2 2 2 2 2
+ 8%y + |oN ]y + |¢§|Y + |¢§|H + |¢MDE|H + |¢TAF|H + |¢ECM‘V +|Pv = Pv,00ly + [Poclyy + [Pv,00l
9 2 2 2 2 2 2 2 2
+ |Pv,00] +|¢;,oo| +|S;€3|H+‘S];I|H+|S]I%|H+|S§|H+‘S]]T/[DE|H+|S§"AF|H+|SJI€ECM|H) .
(51)

By assumption (A4) on the source functions, we have the three estimates

2
° Ea€A|5k|H ZQGA|¢O¢|12‘I7
b |VSN|H + |VS C’M|H Q‘Alfz |~A|2 ZaEA|V¢Oé|§-Ia
L |Sk| < 8(|VNP|H + |VMH|H + 2Xc‘v¢k|H + 2Xh|V¢ECM|H>

and insert these estimates into (51). Further, in order to treat the factor |V.S N| o+ |VSE CM\ 17> we choose

the constant
mo

= W mll’l{Cng, DMDE; DTAF}7 (52)
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so that we can conclude

2 2 mo .
e(IVSK Il + 1V Skeuly) < = min{Co Do, Duipg, Drar} Y [Voaly
acA
C D oo DMDEmO 2
< — |V¢k|H f|v¢§JDE‘H

+c<|¢p|v+|¢m 2165l + 1o o).

D
+ TV har

We absorb, collect and summarize the constants, giving

1d
>q [2 g/k|L1(.(2) + 5PW¢P|H + <€H|V¢H|H + <€N|V¢N|H + Co |¢k|H + |¢MDE|H + |¢TAF|H
2 2 1 2 2
+ldkomly + 16y = duscly | +51HpIH + Sl0kln
mo 2 2 k|2 E 2
+ (7 ~8(C1 + (Co + B2 + RECHE ) Co) max{Ly; Lo} ) (IV il + 9417
. (1 aL, G (CU+R2+R2C§,KU1)Cgmax{Lp;Lg}> .

k
2K K2 D,myg K2 [v"|

+ OaDomO _ 4mgoX(‘
2 mo

— (Cy 4+ R? + R?C3K,; ) Comax{L,; L, }) |v¢>’<?|H

3m0

= (DMDE\V¢MDE|H+DTAF|V¢TAF|H+D |VA¢k|Y)

. ( 1 GiL, (C’a+R2—&-RzCI%K;l)Cgmax{Lp;LJ}) 2

oL - k]
2K, K2 K?2 v
k|2 k|2 k|2 k2 k2 k 2 k2 E 2 k 2
SC(1+16ply +195ly + Ny +105ly + 105y + [08mely + 107ar i + ey + 105 — do.coly
2 2 2 2
+ |poo‘v + ‘pv,ool + ‘va,oo‘ =+ |¢;;oo| )7
(53)
and we choose C, and L,, L,, K such that the prefactors are positive, see also assumption (A5). In
particular, we have to ensure the condition
Smgng DamO

Co
mZD, ~ 7S 2K

Step 4 (Gronwall-Bellman lemma)

First, we eliminate the prefactors on the left hand side of the energy inequality (53) by estimating it with
the minimum of all prefactors and bringing it to the right hand side to the generic constant C'. Afterwards,
we integrate the inequality over the time interval (0,t) with ¢ € (0,T}), apply the growth assumption (A7),
and obtain

|05 () 1 ) + 15Dy + 105 ()5 + 65 (Dl + 1650157 + 105 (E) 57 + |05ar (O] + [Senr (D]

F 165 () — Gusoly + 1651220 mvy + 1B 1220 10y + IS 120,13y + 105812 20.13 0
+ ||¢TAF||L2 oz T 1168 — muLz(O reixey T 10 20 1051220, v)
C ( ||¢P||L2 0,1:v) T ||¢H||L2(o Tyv) T H¢NHL2(0 Tyv) T ||¢k||L2(o Tv) T ||¢§||?;2(O,Tk;g)
+ ||¢MDE||L2(0,Tk;H) + |‘¢TAF||L2(07T,€;H) + ‘|¢ECM“L2(0,Tk;V) + o — ¢%00||%2(0,Tk;Y) )
< C(T) - (1+ 19(0) | pag + Vol sy + [V ol + [Voholoy + 105 ol + 108imm0ly

2 k 2 2 2
oly +lovoly + Hpoo||2L2(o,T;v) + [Po,oclz20,7) 1 10,0051 (0,7) ) -
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By applying the Gronwall-Bellman lemma, see Lemma 1, we obtain

k k12 k12 k12
10 | e mztion + D léalioomey + Do lelizomay + Do 195IEeo.mumnc20.m0)
aECHU{ECM} aEe{P,H} BERD

k112 k 2 k2
0 220,150y + 10w = GvollLoo 0,17 2200, 1105%0) T 100 2200737

2 2 2
<o) (1+1eholy + X loholy + Y Ioholy +19(@ho 00 o)l o)
a€CHU{ECM} BERD

2 2
+ ”pOO”iQ(O,T;V) + [Po,oolr2(0,7) + 10,00 10,1 ) :
(54)

We have chosen the initial values of the Faedo—Galerkin approximations as the orthogonal projections of
the initial values of their counterpart, see (35). The operator norm of an orthogonal projection is bounded

by 1 and, therefore, uniform estimates are obtained in (54); for example
ko2 2 2
19P0ly = [ m, droly, < |Ppoly-

Using the upper bound (26) of ¥, we treat the term involving the potential function on the right hand side

in the following way:

2 2 2

|W(¢];>,0,¢IIC1,07¢]1€\/,0)|L1(9) S1+ ‘¢Ilg,o|H + |¢]I€i,O|H + |¢II€V,O "
=1+ |, dpoly| + |1 T dmol} + I, dn0

<1+ |¢pol + 6moly + 60

2
H

2
H-

Now, the k-independent right hand side in the estimate allows us to extend the time interval by setting

T, =T for all k € N. Therefore, we have the final uniform energy estimate,

k k2 k2 k2
(K4 ||L<>0(0,T;L1(9)) + Z ||¢a||LOO(o,T;V) + Z ||:ua||L2(O,T;V) + Z ||¢,3||L°°HOL2(O,T;V)
aECHU{ECM} ac{P,H} BERD

k k k
+ v ||2L2(0,T;H) + llo = d)”’ooHi°°(07T;Y)ﬂL2(O7T;X0) + [lvy H%Q(O,T;Y)

SC(T)~(1+|¢U,0§+ ST banly + Y Iesoly

@ ECHU{ECM} BERD

2 2
ool 20,1y + 1Pvc 320,y + 16000l oy )
(55)

From this energy inequality and (34) we also get bounds for the pressures p* and p” in the following way

||Plc _pOO||L2(O,T;VO) + prf - pv,oo”L?(o,T;Xo) <C.
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5.8. Limit process

Weak convergence
E

k. pk which converge to a weak solution

Next, we prove that there are subsequences of d)k, //;,, //fq, )

of our model (14)—(16) in the sense of Definition 1. From the energy estimate (55) we deduce that

{¢§}keN is bounded in L*(0,T;V), a€CHU{ECM},
{Ni}keN is bounded in L%(0,T;V), ac{P H},
{0} ke is bounded in L>(0,T; H) N L*(0,T; V), B e RD,

{v*}ren is bounded in L%(0,T; L*(2; R?)),

{p"}ren is bounded in (ps + L2(0,T;Vp)),

{#F}ren is bounded in L®°(0,T;Y) N (¢v.00 + L2(0,T; Xo)),
{v*}ren is bounded in L%(0,T;Y),

{p*}ren is bounded in (p, o + L2(0,T; Xo)),

(56)

and, by the Banach—Alaoglu theorem, these bounded sequences have weakly/weakly-* convergent subse-
quences. By a standard abuse of notation, we drop the subsequence index. Consequently, there are functions
¢ :(0,T)x 2 = R pp pug,p: (0,T)x 2 =R, v:(0,T)x 2 — R3, ¢y, 05,0 : (0,T) x A — R such
that, for £ — oo,

oF — ¢, weakly-x in L>(0,T;V), a € CHU{ECM},
p = g, weakly in L2(0,T;V), a € CH\{N},
¢l — ¢ weakly-+ in L°(0,T; H) N L*(0,T; V), B € RD,

P ~ v weakly in L%(0,T; L*(12;R?)),

pF —=p weakly in (pe + L3(0,T;V0)),

P — dy weakly-+ in L=(0,T;Y) N (¢y 00 + L*(0,T; Xo)),
v¥ = v, weakly in L*(0,T;Y),

pF —p, weakly in (py.oo + L*(0,T;X0)).

(57)

Strong convergence

We now consider taking the limit & — oo in the Faedo-Galerkin system (32)—(33) in the hope to attain
the initial variational system (28)-(29). Since the equations in (32)-(33) are nonlinear in ¢* and ¢¥, we
want to achieve strong convergence of these sequences before we take the limit in (32)—(33). Therefore, our
goal is to bound their time derivatives and to apply the Aubin-Lions-Simon compactness lemma (19).

Let (¢, $, ®) be such that ¢ € L2(0,T;V), $ € L?(0,T; H), $ € L*(0,T; X,), and

k K k
k 5 Sk . <k
HHkSOZZQthja UH,CQO:Z@jhjv HYkQO:Z%yj’
j=1

j=1 j=1

with time-dependent coefficient functions wf, @;‘9, @? :(0,T) =R, je{1,...,k}. We multiply Egs. (32) and

(33) by (,ZJ? by the appropriate coefficient functions, sum up each equation from j = 1 to k and integrate in
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time over (0,7, to obtain the equation system,
T T
/ <6t¢§u 90>V dt = / (C(¢§)Uka VHH}CQD)H - (mgv/’l’gv VHHICSO)H + (Sfu HHICQO)H dta
0 0
T T
/ (010, @)y dt = / (SE, I, ) dt,
0 0

T T
/ (Ot oy dt = / (C(&5)0", ¥ Mg, 011 — Do (mEV ok, VT, ) + (5%, Iy, )
0 0
+ (6, JEy r I o)w — Xe(mEV (65 + &% + oK), VI, o) u dt,

T T
/ <5t¢§7¢>vdt = / _D’Y(mgvdﬂivaH;@@)H + (S'IxijHk<P)H dt,
0 0

T T
/ (0.0, 3)x dt = / (C(&)0F, Vally, )y — Do(mEVadh, Vally, 3)y — R(JE,, Iy, @)y dt,
0 0

where o € {P,H}, § € {N,ECM}, v € {MDE,TAF'}. Each equation in (58) can be treated using standard
inequalities and the estimate involving the trace operator, see (24), the boundedness of the orthogonal
projection and the energy estimate (55), e.g., we find

T T
/ <3t¢§»¢>vdt§/ |vk|H|90|V+|¢’;|V|W|V+ Z |¢Z|H|90|H+|J§U,F|L2(p)‘90|v+ Z |¢’§‘V|Sﬁ‘vdt
0 0 acA peCH

S HSOHL?(O,T;V)-

From this inequality and the bounds derived earlier, see (56), we conclude that

{#" }ren is bounded in H(0,T; V') N L>(0,T;V), ac{PHY},
{gbg}keN is bounded in H'(0,7; H) N L*>°(0,T;V), B €{N,ECM},
{¢% }ken is bounded in H'(0,T; V') N L>(0,T; H) N L*(0,T5V), v € RD,
{#F}ren is bounded in H'(0,T; X)) N L(0,T;Y) N (¢o.00 + L2(0,T; Xo)).

We apply the Aubin—Lions—Simon compactness lemma (19), yielding the strong convergences as k — oo

PF — ¢ strongly in C°([0,T); H), a € CHU{ECM},
¢ — ¢p strongly in L?(0,T; H) N C°([0,T]; V'), B €RD, (59)
¢ — ¢, strongly in L2(0,T;Y) N C°([0, T]; X{).

The strong convergence ¢F — ¢, in C°([0,T]; H) implies ¢ (0) = ¢o0 in H and similarly ¢5(0) = ¢s.0
in V' and ¢,(0) = ¢y 0 in X{. Therefore, the limit functions (¢, ¢,,) of the Faedo-Galerkin approximations
fulfill the initial conditions for the system (14)—(17).

Limit process
We show that the limit functions also satisfy the variational form (28)—(29), as defined in Definition 1.
Multiplying the Faedo—Galerkin system (32)—(33) by n € C$°(0,T) and integrating from 0 to T, gives
T T
| (@kisivnteyde = [ ((Cek)", Ths)ir = (nb ik, Thy)n + (S5 s n(e) e,
0 0

T T
/ (pte, hy) () dt = / (D90 UF = X0k = xnPbenrs hy)u + €2 (Volh, Vi) m)n(t) dt, (60)
0 0

T T
/ (Ot hy) ()t = / (S5, b)) am(t) dt,
0 0
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and
/O (0085 )y dt = / £ Fhy)i — Do(mEVah, Vhy) + (S5 by
) (6, T rhibw — Xe(mEV (6% + 8l + 6%), V) u)n(t) dt,
[ @t mpeno = [ (D nt kT + (55 o) 60
/OT(U hy) :/ K(Vp, hy) i + (Sp, Vi) s )n(t) dt,
/OT (Vp*, Vh;)un(t) =/ Or, Iy, rhi)w + (Sp, Vhy) i)n(t) dt,
and

T
/ (0hdF,y;) xm(t) dt = MVE Vy)y — Do(mhVaek, Vay;)y — R(JE, . y;)v)n(t) dt,
0

T / v
/0 (vg, y;)yn(t =/ o(Vaph, yj)yn(t) dt, (62)
e [

/ K VAPU,VAZ/J Y77 puayj Y77( )d

for each j € {1,...,k}, a € {P,H}, 8 € {N,ECM}, v € {MDE,TAF}. We take the limit ¥ — oo in each
equation. The linear terms can be treated directly in the limit process since they can be justified via the
weak convergences (57), e.g., the functional

T
s o [l hn(®) dt < 2ol .y
0

is linear and continuous on L?(0,T; H) and hence, as k — oo,

T T
| b @t — [ Gup e ar.
Thus, it remains to examine the nonlinear terms. We do so in the steps (i)—(v) as follows.
(i) We have derived the convergence, see (59),
BF — b in L2(0,T; H) = L*((0,T) x 2), a € A,
for £k — oo and, consequently, we have by the continuity and boundedness of m,
mk =myg (q’)k(t,x)) — ma (@(t,x)) = mq ace. in (0,T) x 2 for k — oco.

Applying the Lebesgue dominated convergence theorem, gives for k — oo

mEVhin — maVhyn in L2((0,T) x 2;R?),
and, together with V¥ — V. weakly in L2((0,T) x £2;R?) as k — oo, we have for k — oo

M (¢ )V hy - Vil — ma(¢)nVh; - Vg in L'((0,T) x £2).

We use here the fact that the product of a strongly and a weakly converging sequence in L? converges
strongly in L.
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(i) By (59), we have ¢F — ¢, in L2((0,T) x £2) and v¥ — v in L2((0,T) x £2;R?) as k — oo, hence for
k — o0
C(¢h)0* - Vhjn — C(¢a)v - Vhym in L'((0,T) x ).

(iii) By the continuity and the growth assumptions on 9,4, ¥, we have for k — oo

O W(qf)’lg(t,x),cb’}i(t,x),qblfv(t,x)) — Opq Lp(q&p(t,:c),gf)H(t,x),d)N(t,x)) a.e. in (0,7) x £,
060 (O, D, O Inhi| < C(L+ 05| + 65|+ [D5])Inh;l,

and the Lebesgue dominated convergence theorem yields for k — oo
a¢a !p(qsllga ¢Iﬁlv ¢’]1€v)77hy — 8¢a y—/(QZSP» ¢H7 ¢N)77ha in Ll((()? T) X “Q)

(iv) We have the strong convergence of ¢% and ¢% in L2((0,T) x 2) and the continuity and boundedness of
C. Together with the weak convergence of V¢¥ and V¥ in L2((0,T) x £2;R?) it is enough to conclude
the convergence of the term involving

Sk = —C(eh)(Vih + xeVoE) — Clof) (Vidky + XV k).

(v) We have ¢¥ — ¢, in L2((0,T) x A) and ¢¥ — ¢, in L2((0,T) x £2) as k — oo and therefore, also
Hp(bﬁ — IIr¢, in L?((0,T) x I'). Since fow is a continuous and bounded function, we conclude

T
2 , 2 12
| [ ot oot phgn(e)” a5 e S 10 (1065, 08 e .11 Pl 20
and the Lebesgue dominated convergence theorem gives for kK — oo
Fouo( @, Hrg)trrhin(t) — fou(bo, Irée)trrhm(t) in L3((0,T) x I).

Together with the weak convergence of IIrp* and p* we have for k — oo

T T
/ <5F,Jc’r€v,1“hj>W77(t)dt:/ /(fa,v( 137171“(155)[47(]71“;05—pk)+LJ(HF¢5_¢’;))trphjn(t)d5dt
0 o Jr
T
%/ <6FaJ01),th>W77(t) dt.
0

Using the densities of UgenHy in V), UkeNHg in Vy and UgenYsr in X, and the fundamental lemma of the
calculus of variations, we obtain a solution tuple (¢, up, g, v, P, Gy, vy, py) to our model (14) and (16) in
the weak sense as defined in Definition 1.

Energy inequality
It remains to prove that found solution tuple satisfies the energy inequality (30). First, we note that norms
are weakly/weakly-* lower semicontinuous, e.g., we have p% — pup in L2(0,7T;V) and therefore, we infer

o k
||ﬂP||L2(0,T;V) < hkm inf HﬂP”LQ(O;T;V)'
— 00
We apply the Fatou lemma on the continuous and non-negative function ¥ to obtain

2 —oo Jo

Consequently, passing the limit & — oo in the discrete energy inequality (55) leads to (30). O
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6. Numerical simulations

We present in this section two applications of the theory presented earlier. The first is the simple scenario
in which two straight and idealized blood vessels are considered, one representing an artery and the other
a vein. This means that the tissue block containing the two vessels is supplied nutrients by a single artery
and drained of nutrients by a single vein. In between the two vessels, a tumor core is present which accepts
nutrients injected through an inlet of the artery. The second scenario deals with a small blood vessel network
described by data in [57] and on the following web page: https://physiology.arizona.edu/sites/default /file
s/brain99.txt. At four inlets of this network, nutrients are injected and transported through the network.
As in the first scenario, the impact of the nutrients on a small tumor core surrounded by the network is
investigated. We note that in all cases we consider a stationary vessel structure; for evolving and bifurcating
vessels we refer to the further work [58].

To solve the one-dimensional partial differential equations (16) numerically, the vascular graph model
(VGM) is employed [59,60]. This method corresponds in principle to a vertex centered finite volume method
with a two-point flux approximation. For the three-dimensional partial differential equations presented in
Section 2.3 a mixed finite volume-finite element discretization method is employed. The equations governing
the pressure and nutrients in tissue, which are directly coupled with the one-dimensional system, are solved
by a standard cell-centered finite volume scheme. Since the permeability of the cancerous and healthy tissue
is given by a scalar field, a two-point flux approximation of the fluxes is used. For the remaining species,
we consider a continuous and piecewise linear finite element approximation over a uniform cubic mesh. The
coupled nonlinear partial differential equations are discretized in time using the semi-implicit Euler method.
To solve the nonlinear system of equations arising in each time step, a fixed point iteration method is applied.
We consider following double-well potential in free energy functional in (3)

U(¢p, du, on) = Cupdy(1— é1)*. (63)
6.1. Tumor between two straight vessels

We consider a tissue domain 2 = (0,2)? containing two blood vessels aligned along the z-axis. The center
lines of the vessels are located diagonally opposite to each other. The center line of the Vessel 1 and 2 pass
through (0.2,0.2,1) and (1.8,1.8, 1), respectively. We choose a radius of R = 0.08 and R = 0.1 for Vessel 1
and 2. At the inlets of Vessel 1, located at (0.2,0.2,0) and (0.2,0.2, 2), pressure values of 10000 and 5000 are
prescribed. The inlets of Vessel 2 are located at (1.8,1.8,0) and (1.8,1.8,2). Here, we consider the pressure
values 1000 and 2000, respectively. Thus, Vessel 2 will act as a vein taking up nutrients and blood plasma
from the tissue domain. On the other hand Vessel 1 has the function of an artery transporting nutrients
into the tissue block (2. We note that we choose the boundary values such that the velocities are sufficiently
large in order to ensure that the transport processes are visible in the simulations. Based on the pressure
boundary conditions, we choose the boundary conditions for the nutrients as follows:

L4 d)v = ¢v,inlet =1 at (02, 02,0)
e ¢, =0at (1.8,1.8,2).
e At all the remaining boundaries, we consider free flow boundary conditions.

The initial tumor core is given by a ball of radius 0.3 and centered at (1,1,1). Within the tumor core, the
total tumor volume fraction, ¢, decays smoothly from 1 in the center to 0 on the boundary of the ball.
Thereby, the necrotic and hypoxic volume fractions, ¢ and ¢, are set to zero. In the rest of the domain
all the volume fractions for the tumor species are set to 0 at ¢ = 0. The nutrient volume fraction, in the
tissue domain {2, is initially fixed to a constant initial value of 0.6, which is below the threshold values for
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Table 1
List of parameters and their values for the numerical experiments described in Sections 6.1
and 6.2. Parameters not mentioned below are set to zero.

Parameter Value Parameter Value Parameter Value
Ap 5 Ap, 0.5 Aa 0.005
Aa, 0.005 Apu 1 Aup 1
AN 1 opH 0.55 ogp 0.65
THN 0.44 ep 0.005 eq 0.005
Mp 50 My 25 ATAF, 10
Drar 0.5 mrar 1 L, 1077
D, 1 me 1 K 107°
DyvpE 0.5 M MDE 1 D, 0.1
bl 1 L, 10 ABcM ), 5
ABCM 0.01 AMDE 1 AMDE 1
brcMp 0.5 Cy, 0.045

prolific-to-hypoxic transition and above the threshold value for hypoxic-to-prolific transition. We also set
¢pem =1 at t = 0. According to (15) homogeneous Neumann boundary conditions are prescribed on 9f2.

As a simulation time period, the interval (0,7) with T'= 5 is considered and the size of the time step is
given by At = 0.025. The spatial domain {2 is discretized by cubic elements with an edge length of h = 0.025.
We choose the parameters as listed in Table 1.

Plots of the tumor species ¢, dp, g at the z = 1 plane in the domain 2 at time points ¢ € {3,4,5}
are shown in Fig. 3. In Fig. 4, the tumor phases are shown along a one-dimensional line. It can be observed
that the tumor separates into its three phases and moves towards the nutrient-rich regions of the domain.
Moreover, the contour lines of the total tumor and its phases is presented at different times in Fig. 5. We see
that tumor is growing towards the artery. As expected, the proliferation is higher near the artery. In Fig. 6,
plots of TAF, MDE, ECM at the time point ¢ = 5 in the z = 1 plane of {2 are shown (see Fig. 7).

Fig. 8 contains simulation results for the different values of parameters at t = T' = 5. Among the numerous
model parameters, we focused on the chemotactic constant y., mobility Mp, proliferation rate \p, nutrient
diffusion coefficient D, , and permeability constant L,. We vary one of these parameters while keeping other
parameters fixed to their respective values listed in Table 1.

It can be observed that all selected parameters strongly affect the tumor growth. Except for the parameter
D,, the larger the remaining parameters, the faster the tumor cells move away from the vein and towards
the nutrient rich artery. This means that for the chosen parameter values, the fluxes J,, a € CH given
by (2), dominate the corresponding convective terms in (14) so that the tumor cells can move against the
velocity field. It can be stated that for these parameter choices, the model simulates the migration of tumor
cells towards the nutrient sources in the vicinity.

Fig. 9 shows the pressure distribution in the vessels as well as the tissue pressure and velocity field within
a plane that is perpendicular to the z-axis and located at z = 1. The tissue pressure ranges between 1500
and 7500, which means that it is bounded by the extreme pressures in the vascular system. Furthermore, a
gradient in the tissue pressure can be detected pointing from the artery to the vein. As a result, the velocity
field is orientated from the artery to the vein.

6.2. Tumor surrounded by a network

In the second subsection, we consider a small capillary network given by the data in [57]. To keep the same
computational domain as in the previous subsection, the network is scaled such that it fits into £2 = (0, 2)3.
After scaling, the resulting network has maximum, minimum, and mean vessel radius 0.0613, 0.0307, 0.0418
respectively. At the inlets that are marked by an arrow, see Fig. 10, we prescribe the pressure p;, = 25000,
while for all the other inlets, we use p,,; = 10000 as a boundary value. Again, we choose the boundary
values synthetically in order to ensure that the transport processes are visible in the simulations. Further,
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Fig. 3. Evolution of the total tumor ¢ (top), prolific ¢p (middle), and hypoxic ¢ (bottom) volume fractions at the times t € {3,4, 5}
(left, middle,right) in the z = 1 plane of the domain 2. On the two vessels the nutrients are described by the 1D constituent ¢,.

the boundary condition for ¢, is given by ¢, = ¢ inier = 1 if it holds p, = p;n, and free outflow boundary
if py = Pout-

Contrary to the previous subsection, the spherical tumor core has a radius of 0.25 and the center
(1.3,0.9,0.7). The same model parameters are employed. The domain (2 is discretized using cubic elements
of mesh size 0.025 and final time and time step of the simulation are "= 5 and At = 0.025.

In Fig. 11, the tumor cell volume fraction ¢, prolific cell volume fraction ¢p, and hypoxic cell volume
fraction ¢z are shown at z = 0.8 plane and at time points ¢ € {3,4,5}. Finally in Fig. 12, the contour plots
for ¢ = 0.8 and ¢ = 0.95 are presented. Further, the hypoxic phase is shown inside the tumor. In Fig. 13,
plots of TAF, MDE, ECM at ¢t = 5 in z = 0.8 plane are shown.

The behavior of the tumor cells is similar to the two-vessel scenario. It seems that for the given parameter
set the tumor cells are attracted by the nutrient rich blood vessels of the network. As can be observed in
Fig. 11 (last row), the chemical potential of the tumor exhibits high gradients at the interface between tumor
and healthy tissue. Therefore, the corresponding flux of the chemical potential given by (2) is potentially
high at this location. As a result the tumor cells are pulled towards the interface between cancerous and

31



M. Fritz, P.K. Jha, T. Koppl et al. Nonlinear Analysis: Real World Applications 61 (2021) 103331

Al - 1T 1[—or
— ¢n
— N
05| : 1t {[——¢r
O | |

0 1 2 0 1 2 0 1 2

Fig. 4. Left: Evolution of the tumor volume fraction (¢r) in the z = 1 plane of the domain 2. Right: Plots of tumor (¢r), prolific
(¢p), hypoxic (¢y) and necrotic (¢n) volume fractions along the line passing through the points (0,0,1) and (2,2,1) in the domain
2. From top row to bottom row, the plots correspond to time t € {3,4,5}.

Fig. 5. Evolution of contour plots of the tumor volume fraction ¢ with vessels (top) at 0.8 (light red) and 0.95 (red) at the time
t € {4.25,4.75,5} (left to right); the necrotic core is plotted at the contour line ¢y = 0.42 (black). Contour plots of the tumor phases
without vessels (bottom) at ¢p = 0.5 (green), ¢y = 0.45 (orange), ¢ = 0.4 (dark red). (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)
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Fig. 6. Plots of ¢rar (left), ¢nmpr (middle), and ¢gcy (right) at time ¢ = 5 in the 2 = 1 plane of the domain 2. The colors
(horizontal color bar) on the vessels show the transport of the 1D nutrient (¢,). The production of TAF and MDE is maximal where
the hypoxic tumor phase is located. The decay of ECM happens in the regions where MDE is produced. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

Mp=10.0 Mp =250 Mp =50.0
Ap=2.0 Ap=5.0 Ap=10.0
dv or
0 0.2 0.4 0.6 08 1 0 0.2 04 0.6 0.8 1
_— — — - — C

Fig. 7. Effect of the mobility Mp (top) for Mp € {10,25,50} (left to right) and proliferation rate A\p (bottom) for Ap € {2,5,10}
(left to right) on the growth of the tumor volume. The color bar for 1D nutrients (left) and total tumor volume fraction (right) in
included at the bottom. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

healthy tissue. Apparently, the flux is particularly high near the nutrient rich vessels such that the tumor
cells move preferably towards the nutrient rich vessels.

Fig. 14 shows the tissue pressure and the corresponding velocity fields in z = 0.8 plane. Just as in the
two-vessel scenario, the pressure distribution induces a velocity field that goes from the high pressure region
to the low pressure region.
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Xc=0.0 Xc=0.01 Xc=0.05
Ly=05 Ly=5.0 =100
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Fig. 8. Effect of the chemotactic constant x. (top) for x. € {0,0.01,0.05} (left to right), permeability of the vessel wall L, (middle)
for L, € {0.5,5,10} (left to right), and diffusivity constant D, (bottom) for D, € {0.2,1,5} (left to right) on the growth of the tumor
volume. The color bar for 1D nutrients (left) and total tumor volume fraction (right) in included at the bottom. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 9. Pressure (left) and velocity field (right) in a plane perpendicular to the z-axis (at z = 1) of the domain 2. The artery is

located in the right corner with a pressure decay from 10000 to 5000. The vein is located in the left corner with a pressure decay
from 2000 to 1000. The velocity field induced by the pressure distribution is directed from the artery towards the vein.
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Fig. 10. Outline of the scaled blood vessel network with an initial tumor core. The tumor core is represented by a contour surface
with respect to ¢r (at ¢ = 0.1). At the four inlets, indicated by an arrow, nutrients are injected i.e. at these boundaries, we set
Pv = Pu,intet = 1 and py = Pin.

7. Summary and outlook

In this work, we have presented a 3D-1D coupled multispecies model for tumor growth including the
influence of nutrient transport in a vascular system that is located in the vicinity of a solid tumor. Flow
and transport of nutrients within the vascular system are governed by one-dimensional partial differential
equations. The corresponding flow and transport processes in the healthy and tumor tissue are based on
Darcy’s law as well as a standard convection—diffusion equation. Coupling of the three-dimensional equations
with their one-dimensional counterparts is done via filtration laws and source terms. In the source terms
of the three-dimensional partial differential equations, Dirac measures occur. They are concentrated on the
vessel surfaces of the vascular system, since there the exchange processes between the tissue and the vascular
system take place. The remaining three-dimensional equations governing the distribution of the tumor cells
are of Cahn-Hilliard type. The evolution of matrix degrading enzymes and the tumor angiogensis factor
are modeled by convection—diffusion equations. Lastly, the extracellular matrix density is described by an
abstract ordinary differential equation.

The centerpiece of our work is a mathematical analysis of this model with a focus on the existence of
solutions. We have shown the existence of weak solutions. Our proof is based on the Faedo—Galerkin method.
Thereby, the system of partial differential equations is semi-discretized in space and reduced to a system
of ordinary differential equations. Using the Cauchy—Peano theorem we show that the system of ordinary
differential equations exhibits a solution. In a next step, the existence of weak solutions with respect to the
partial differential equations is derived by means of the Banach—Alaoglu theorem. Finally, we present some
simulation results for two different settings, illustrating the performance of our model. Our simulation results
indicate that the tumor cells sense the vessels with an increased nutrient concentration and move towards
them. Furthermore, the impact of several model parameters on the solution variables is discussed.

Among extensions and applications of the models described here are the simulation and optimal control
of chemotherapy drug and radiation as well as modeling of the onset of metastasis. Simulation of these
protocols and phenomena represent challenging goals for future work.
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Fig. 11. Distribution of the tumor cell volume fraction ¢r (top), prolific cell volume fraction ¢p (middle), and hypoxic cell volume
fraction ¢y (bottom) for t € {3,4,5}. The tumor cells migrate towards to nutrient rich vessels.

by

Fig. 12. Evolution of contour plots of the tumor volume fraction ¢r at the values 0.8 (light red) and 0.95 (red), and of the hypoxic
phase ¢y at 0.35 at times t € {3,3.5,4} (left to right). The tumor growth is directed towards the nutrient rich vessels. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 13. Plots of ¢rar (left), ¢ypr (middle), and ¢gcnm (right) at time ¢ = 5 in the z = 0.8 plane of the domain 2. The colors
(horizontal color bar) on the vessels show the transport of the 1D nutrient (¢,). As in the case of two-vessels setting, the production
of TAF and MDE is maximal where the hypoxic region is located. (For interpretation of the references to color in this figure legend,

the reader is referred to the web version of this article.)
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Fig. 14. Plots of pressure (left) and velocity field (right) in the z = 0.8 (top) and z = 1.2 (bottom) planes in the domain 2. The
plots correspond to the simulation time ¢ = 5. As in the two-vessel case, the velocity field is pointing from the high pressure region

to the low pressure region.
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