
Lectures

Openmethods
1-

. Fired point iteration method

2 .
Newton - Raph son method

Ginny a function g : ✗→ c-oooo)

g. secant method | find a point no ex such that

G. Brent 's method no=gcno1-

-

Consider following function f. ☒→ yfined - point iteration method

f- Cn ) = a- gcse)

where g is another function g :X → Y .

Rootsoffmchoiyf : find xoe ✗ such that

fcaol :O ⇒ no - gcno)=o

⇒

#
y⇒

No -gene)=o

find no such that no = gcno ) .

fororyfmctuinf-i.me can always have✗flat = a- gcse)
in

÷÷:÷÷-Thx for any function f- : root problem can be written

! ! ! Problem of finding a such that a- gcse) is called

fined- point iteration problem



Émw=
I{fined-point-puobemtlowtosolxer.ge#? ( i , goes

-

-
se -f( iit find no such that

• then we find the went n by using a
"

= gCa°)

:

"

÷.÷H k n at ith itesaho, ai= gcai
-y ⇒

for " ' : "

neil
=glxci

Ini - ai . , /
end

is below our tolerance .

⇒ Easy to implement in MATLAB

⇒ However , we first need to study the properties of
the iterative method ri

= gcai - ' )
✗
=\

EÉampk==& -112
,
✗ = C- •a)

, Y= [o.o)

let gcnl R - f- In ) : n - ca - 112

Let initial
guess

is x°== 0.5 y|°;?÷H
iterations : R

"

= gcse) = 0.5 - 0.25 = 0.25

itootwy2_ : zed gca
' ) = 0.25 - 0.5625 =

-0.31257
"
"

iterations : R
>
= glory = -0.3125-(1-3125)<=-2.035

✗
↳
= goes)= - 2.035 - f-2.0315-112=-11.25ik÷ih :

diverging



Let initial guess
n°= 1.1

Then itoñh :
a' = gcse

. )± 1.1 - o.o , 1. og
] "%÷÷

"

iterahinz-i.az : gcse
') = 1. og - G. 09)2= 1.0819J

iterations : ze3= glad )= 1.0752

:

Conxergingbko-1@Example2_i.f
(a) = 2- loser)

,
✗ = f- • in ), Y== C- a. a)

Then goes : re - fcn ) : costa )

Inifalguess-i.se?-0i5ites.1-:si=glsil-.coslo- 5) = 0.8776
ite : x2 : gcse

' ) = Cos (0.8776) : 0.639

ites.3-i.RS = Cos (0^639) = 0.801

ites.ie : x4= 0.695

ites# : as = 0.768

iks : ✗
7

= 0.7193

ites.FI : ✗
8

= 0.752

:
É = 0.7388

Eying



Toundesstandhowfined-pointiteratwnworksw-f.CH= a

fecal -= gcse )

The solution of x=gln)

problem is a point no
←

for such that

f. tho ) = fzcao):÷÷÷÷÷÷÷:i:÷"÷. : I. e. point at which
'

two functions intersect

Ko X'

[ at this point
1×1×1 )

§
,

guilt1×4+10<-09×481×4)
Pbtousiteratwnsteps :

÷

"

.

ites.tt : a
'
= g. ( at)

itesz : ze2= gcse
')

Navigating through
iles 23 = g CRY various points in

•

fined - point iteration .

L
- method
i. Can we say more

enampk ?

*
Given a point xi
-

,

we compute ai " = gcse :)

he see that n' = goi) < no
Generally, for any ✗ > no

✗
2
= geol Soe

'-1goal < a ✗
3
: gCa4 < ✗

2

where no is the true solution of x=gCn) :



Previously , we considered a function of such that

goes < se fer any a > se.
A

true solution of ayin(
for such a function, we see that in each iteration

we got closer to true solution no .

hetusseenow the case when no ( initial guess) is on

the left side of time
. solution :

✓
fi

In this case also we see

"" "÷""
→

" " " """ "

i.
'

: are getting closer to

I

'

ii,
true solution no

:*.

I.
"

we observe
"

n
"
= gcno) > a°

☒( Iit"%µ→É←(✗4×2)
2-= gcse

') > 21
8×4×4

232 gfx4 > x2

¥
for segno ( where no is the time

solution)
,
we have

goes > a



"^^

×

iii. starting.- sina.ao.ie .

"

we want gcx) s a for any
R > no
,

so that successive iterations will reduce
xi trying to get closer to no

I.e. need gin ) < se for a > no so

that we get

xD > a
'

> R2
> a

]
-
. . > Xo

( it we start from left side of no, ie. R°< no,

then we want goes > 2 for any x <
no
,

so that successive iterations will increase set

taking it closer to no

I.e. need gcses >a for a < no so

20 < a
'
< x2 < n

'
< . . < no

¥
What happens when g does not have this

property ?
Is it still possible to converge to no ?



rÉfÉtÉwd
let no -is such that (y⇒ ( so no is thetrue solution)
Let EÉ :-. time error at iteration i

= Ri - No

since xi = gcxi
" ) ← our iteration method !

⇒ É; = ai - no

= gcni
- • ) - no

so no -

- gcno) )
we know from Taylor 's series emppansion

⇐ "

f- IN = fly ) + dayfly ) ( ✗ - y ) + ÷ 1¥19) 1*-912

→

#"=£""¥"""+÷%÷""+ . . . + in,
d^f_ ( z ) ( ✗ -g)

n

o dy " t
there enisfs 2 E X '

and 2 depends on choice of 2,2 , n

9 for)= flat -1 d¥§ ( ✗ - Y )

there emist 2 EX☐2 depends on x andy



we can write

②gc=Ñ¥,
on * man.

z is not known and generally

÷÷ÉÉ;<t4
. .

- are:L

They combining g : ✗ → farm is a

function such that at any

É=IÉeaÉi, ÷§;•*1d÷
8-
⇒ L¥É¥=D⇒¥:÷e1•é"M

suppose such
a number ma

enist.

Equation ③ is

very important result and provides

mathematical reasoning as to when error will decrease

in successive iterations and when it will increase

-11
,

when method will converge and when it will

diverge

we want set to get closer and closer to no with increasing
i

I.e. / Eit > IEI I > IEÉI > . .
. > IEÉI > . . .

¥ i > i÷÷ ,

i > ¥i¥ .

" ' > i÷÷÷,



since

!¥;÷, ± lazy foray a-✗

Convergence is guaranteed if 1dg"" / < t for all points

*.÷¥")*
TI fined - point iteration

converges surely if slope of function g
at

any point seek

is below 1-



www.paphsonmethodcriwnafunctinf line
at

to function
-

initial guess so \ f

- t.ndaimgew-cinae-now-fnct.no#
""*

"

"÷÷÷.

"
"

;÷;¥!÷f-

si

fi , it is a tangent to function fat Cxoifcnoi)

M=fyx-
coordinate

1"' parses through ( no , few,)←Y
- coordinate

→ f- tho) = m no + C = f' Cho) no -1C

⇒

ffgnof.cn#c--2ycx)-.--fTxo)setfCnos-nofcno)
|yc±1=fTno)(z_no)-fcno

- find a point a
' sit yea!) :-O ( line y intersects

a- arms at point see)

7 f-
"

(no) (z
'
- n°1 + f- ( not so

→ :¥



- find x2

( it find a new line that is tangent I f- at a
'

and that passes through point foe! fin '))

y (a) = f-
•

(n' ) (n - se
') + fcse

')

( ie ) find m2 sit ycx
- 1=0

¥÷⇒
- So at iteration i


