
Eigenvalues and eigenvectors
-

Det : A p of number ✗ and column vector am,
are called

eigenvalue and eigenvector of squad matrix Arun if

An = Xx
.

- ①

Remand :L : Ay matin Amnon home multiple pairs (✗ in ) that satisfy

①
.

I.e. µ , ,H , ) sit AH , = Xi Ri
,
(Xz / Nz) sit . Ana = 4222

,

. . .
and in , Rn ) sit. Ann = Xnsen .

Remaster : Ay matron Anxn can have atmost I pairs of case) .

Renard : Any matri- Anxn Can have atmost I unique eigenvalues,

i.e. ti =/ Xj for all i=j

Remix : If a Motrin Ann has n unique eigenvalues, Xiiz . .

,

-

✗n
,
then eigenvectors n , .az, . . , nn

are linearly
-

independent . Collection of any m vectors
, Ayaz, .

.

- am

are called linearly independent if

✗, a, -1×292-1 . . . + ✗mam =D only if 9=42 = . . . =✗m=0
.

Whatdoescmeens
Given a vector 2 ( siren ) and matriw A ( nxn ) , they Are is

another vector y csizen 1 , i-e .

I = An .



to when we multiply a vector with motrin
, we get a new vector .

Actorjofttonse is that A rotator and scale a
-

to give a new vector y .

Inn:2setting_ , consider enampkr

Nz A

(1) A = (
•so -sine

sin Cosa ]
ray

= An = (Wso, sine)
A1 :/ =/

•

soy
Sind

- ¥
a

vector
-

new

rectory

→
to nothin A when applied to

nectar n simply rotates vectos in

anticlockwise direction by angle 0 .

( it A--

(
2 - l

g

C =
( 1/2 )t

- I

a- I :| :[
" → .

- see + see}

"" % .
.

s
-

- al :) -
- I :)a ←

b ← I
2



Thetwoenampbesshow that in general Ase is os that

is obtained as a result of rotation and scaling of x whereas

eigenvectors and eigenvalues idpas (Xen) such that

An is a vector that is

nol-iw-ated-butoulyscaledbyAFoseuampk-A-f.coso - sine

sine •so] '
"Maher are comp ten

numbers !

✗ = Cosa I [ sind

Forenempte A =L?
-1

,
] , eigenvalue are real and unique !

d. = '¥5 , a -_✓¥→E⇒[
'

?] paint

. ¥, , m.gg#g..g,..,ypa, ,
"

I
, Ani = X

,
n , ( no notations )

Ah , = Xz Nz ( no rotation )



H-owdoeseigenuaherondeigenvetosshelpy.CA
) Let Ann has n unique eigen pairs ( ✗ 1,21), Haiti) . . ./

in
, ?n)

- all Ii are nxt column vectors ( eigenvectors ) !

- Consider vector I = 921 1- ✗222 -1 . - - + ✗n Zen

why 9,42 , - . , ✗n are some numbers
.

Ttd
A- A- = A- ( Az, -1 ✗222 -1 - . - +an 2n )

( since Alnty ) = An -1 Ay and Alan)= ✗ An)

= ✗, Aki 1- 92 A 22 -1 - . -1 Xn Azn

-1 fA=É2Zzt..__✗n\nZÉ#
Thetis

if we can represent any
vector a- using eigenvectors zi.az,

- - - inn
, then we can very easily compute A a- by

above formula .

Unique and neat ( ie . not complex numbers ) n eigenvalues and

corresponding eigenvectors provide a means to
-

represent

anycotumnets of n elements using
Y = X

, Ii 1- ✗222 1- . . - 1- An In
-

and their representation allows calculation of Ay trivially
or

Ay = Xi Xi Il 1- ✗2×2 Kz + . - - + in An 72



Remands : For each eigenvalue X , there are infinitely many

eigenvectors . Because
, if I is a eigenvector , that is,

An = else

they ✗n is also eigenvector foray number & .

checky : kty -. ✗ se

A Case) = ☒ Are = ✗ Xx = ✗ case )

3 Ay = ily

so y = ✗x is also eigenvectors .

Terete , for each eigenvalue ✗
,

we have a as

collection of eigenvectors and we typing consider only

onemeinbes of this family .

We will come to utility of eigenvalues and eigenvectors , but , letur

first discuss how we can compute ✗ and K .

É ?

Weha An = ✗a let I is identity matri -

t.
→ An = ✗ IN

meaning , for any 2
⑨ ⇒ (A- ✗I)a=0

In=x

EÉÉÉ: tote I

1=1
' ° : : : :
o I

a- ( ?) o
.

° t -

-0

: :

Lio o o .



However
, we are interested in non-trivial vector 2 .

Define Ay := A - XI neuematiw

Then Ayn =0 for means Ay matron

must be singular fsi_ÉEo⇒
therefore , the condition is
c-

③ Ayn =O for a member ✗
, we know

what it means to
say
✗ =/ 0

⑨ del- (Ai ) =o ?⃝utwhat about ✗=L ?;) whenwe Hast use equation ⑨ to

compute ✗ as it has only one
✗ i. Nz , - - inn are members ?

unknown ✗ . µ wgearesayingAnd then use ③ to compute a ?÷ / 4 ( ? )
km

once we have ✗ .

1¥(A) Determinant problem
- This would be time if
we have to find ✗ such that atleast one ni is not

equal to zero , ie

⑤ )=ÉA→ there is i , i
--1,2, . -, n-

t
sit ni =/ 0

This is called characteristics
-

nm•
equation or characteristics

polynomial . Polynomial because equation ⑤ turns outta

be nth order polynomial equation for ✗ ( nm order for
matri- Amn ) . therefore , ⑦ has atmost n unique

roots or eigenvalues .



Example: Am =

| ? ? J
'

¥

det( A- ✗ I)=det( [,
°

, ) - ✗ ( ; I))
=det( (

2 - d o

l l -X) )
7 detµ ? "

0

, → µ = 0

⇒ (2-7) ( i - X ) =o quadratic equation

⇒ x=)
Fosagenenalnxnmatin A - ✗ I is simply

{
" " " " " " " " "

" " ^

A- ✗ I =
a, , an - ✗ - . azn

"

dn , anz . . . Ann -

±nw
(1) A is identity matron . Then

I - ✗ 0 . . 0

A- ✗I =

( o 1- ✗ -

- o /:

0 0 - - l -X



& det (A-XI ) == ( i - ✗ In --0

-1 ✗ = 1,1, - -

,
I ← n repeated roots

→ Identity matei- I has only one unique eigenvalue 4--1
nxn -

→ For identity nothin Inxn ,

ycolwmn-vectes-xnxiiseigenue-hes.lt/Beceuese-
for any n , In = a

7 IN = ✗ n with ✗=\
.

(2) Take a sparse matei.se

A C O 0
- .

-

.
O

b a C o - - -

. . 0*
"

"

| . ;)
^^ " " " "

O b A C -

-
- - - - - O three numbers .

O o b a - - - -
- - o

-

l l

t
'

,

'

00
0 0 0 . - . O b a C

O O O - - - o o a b

when_b=
,

eigenvalues of Ann are

✗
µ

=
A - 2 cos (14%+1) ) , 1<=1,4 -in

bihenbandcaregenerel,

✗ k= A - 2Tbc ios ( k%n+ , )) , 1<=1/2, . - in

Above is a difficult result . Refer to following journal article
"

Eigenvalues of trilingual pseudo - Joe > litz mataicen
"

By Kulkarni Schmidt , Tsui
. Lineashlgebraanditsttppitnins 1999J



(B) sohu.mg/oreigenvectors- Once eigenvalues are computed,

we can use equation (A - X -112=0 to solve for a .

hetlistnown .
Because (A -XI ) is a singular

matin
,

we will find that n equations will

1- ⇒ bi , Ki 1- biz Nz -1 - - - + b, nah =o

bz , Ni -1 bzz Nz 1- . . 1- b2nNn =o÷÷÷÷::;;,myµm,...,→mnn
not be enough to solve for n - unknowns in a- ( La;] .

we will encounter either :

( i) two equations out of n - equation is some encept a common factor
^

( ii) one of the equation is trivial ( e.g. , 0=0 ) .

Therefore , in addition to (A - X -1-12=0 ,
we supply additional

equation

ait ait - - + and = 1 where a- ( ?a;)¥
aft net . . . +send -

- l

I (A=\I)x=
should be sufficient to solve for se

, given ✗ .



Example
1. for A-=/? ? ], we fould ✗ =

t.z.co#n--1:j
then

( il ait ai = 1

Iii ) (A- ✗ I)n=o ⇒ (
2-✗ 0

⇒11:11:|op

y
(2-7) se , = 0 - ⑧

⑨
&
kit ( 1- 7)22--0 -⑦

If
,

Hm ⑤ 2⑥ one

N , -- O

se , =o { some information

Ifc ,
then ?⃝ 2 ⑥ are

0 . n , =0 → trivial equation
Nl - Nz = 0

In both cases, we only have one equation from CA -XI)n=u

that is useful and therefore wem=

me additional

condition such as aft set --1 to fully solve the

problem .

ÑX ,
91--0
,
I from Wtxf --1 7 Nz = I

to a- [
°

, / is eigenvector



Fortify Ni = Kz So from Kitna -- l

age -1222--1 → ae=¥ = se ,

¥ a= ( ¥ ] is eigenvector .
¥

2. Find eigenvalues & eigenvectors fu matron

A- =/
9 -5

2 → /
3. Exanpkfnn .

Take

1 2a- 1: : :|
Determinant.fm?bm-odd-
µ , 2-t '

° I a-

→

⇒ (2-y /
2- A "

o ,

!
,

/ =0

1 2-✗ / - I /
'

7 (2-71) 2- ✗ I - 1) - (2-7)=0

⇒ (2-1) ( (2-1112-2)=0

→ 2-✗ -0
, (2-11)<-2--0



-1 ✗ = 2
,

H - G ✗ +4 -2=0

-1 4=2
,

✗ = 4+-21-16--8
7 1=2

, ✗ = 2 I V2

⇒ three unique eigenvalues .

Eigenwecto-pobkm-teta.LI;]

G-
(A- ✗I)r=o

(2-4) n , + sea = 0 - ⑧

n, + (2-d) 2<+23--0 - ⑤

R2 1- (2- 7) Rz=o
- ④

additional
→ a,2+ni -132=1 -?⃝equation
For2

se, +M3 " °

?⃝ wee unknownsNz =o ←
three equations

N, -123--0* 1redundant nitwit ni -4L
equations

¥
Ni = - R} , 22--0

¥ from last equation

serf -10 1- serf =L -42g -=¥
1- R, = -¥ , Kz -0 , ↳ = ¥2

II
for X --2

, a-= [%) is eigenvector .

%



t-ori-2-r-fzni-ns.IO
→ Rz = 5224

{ Ni - vina 1- as -0 → " =

?É→]→ see =

⇒
a. 1-

"

Ya

Na -Ra, -0 → As = ME 7 Nz= ¥2 + BE
⇒ E- = I

n

=)
sez =D NlEmnÉ

y

as = %- , 22=5221
"

only two

useful
information

"

as = %- =
V21 =ni
a

from 242-1222 -1 Mi =L ⇒ 242 -1 2mi -1-242=1

⇒ 24 = £
¥ see = § , Rz = ¥ , Ms = ¥

for death
,

n= (¥? ] ☐ eigenvector

Fosd=2
V2 HI 1- Rz =D → Rz = - V2 se,

Ni thug 1- Nz -0 → nitric-rzni) + a =o → 0=0

Nz 1- rang -0 → Nz = Nz = 21



A- Nz = -Kai

g only two useful information
Ng = 21

fwm ✗12-1×24×32=1 , we have

✗12 -1 2×12-1×12=1 → 2 , =

LE
for D= 2- V2 , k= [

"

¥ ] is eigenvector

%

Collecting
✗ = 2 ,

✗ = ) eigen pain 1-

✗ = 2 -1nF , ✗ =

eigen pair 2÷:1*1
1-12

✗ = 2- V2
, ✗ = | - yr, ) eigen pair 3 .

the

Kent, we continue with the discussion of utility of eigenvalues and

eigenvectors .
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(B) Soluingsystemofdifferentialeguahinswringeigenwhesdogenuetf

Consider system of ODES for functions For ODE (ordinary differential
equation ) ( u is a single function )1-v=v It )

,
w= WH)

, du
It

=
All with u lol = Uo

die
a-

= Go - 5W
- ④ EE

condition

where u=ult) function of t
due

a
= 20 - 3W

a = constant

with initial conditions

- ⑤

|wecans to get

V10) : 8 = ↳ utu=eatf
Wco) : 5 = Wo -

Supped, A = ( L ) ii.e. u is a column vector and depends on

t because its elements v. and we

depend on

t.su#ea=f4-

5)
a →

du

A-
= ( %-) ie . derivation of u is obtained by

" element-wise
" derivative of column

¥ vector ! !

wothabouehofaho.ms# , verify that ④ -④ can be

written as
du
It

=
Au

with initial condition not=/ !!! /=/I:[
④



therefore , ⑨ is a mibiw representation of equations ④ and

④ .

D=: How do we solve equations④ and⑤ ( or equivalently

equation ④) (
o

Ad : We first obtain generic solution of ¥=Au using eigenvalues
&

eigenvectors and the obtain complete specific solution that in

addition satisfies the initial condition ulol -- [ To ] .

Remarked : If Ann has nonaronealeignuhr, we can find eigenvectors

Ii
,
If , . . , In such that any column vector Jnx

,
can be

exepeusented as
I = ✗ i Ii 1- - - - + ✗n In

where ✗, ,
✗z, . - , ✗n

are real numbers and depends on J .

Above is another way of saying , that any column vector

is nothing but sum of eigenvectors where each eigenvectors

are appropriately scaled by a member ( ✗ii. . . > ✗n ) .

This idea will be used to solve ⑨ . using eigenvectors

of matin A.

solviyegnati.gl#
Motivated from solution of single ODE, suppose

v41 = e
't
y - ⑤

wltl = extra - ⑥



why ✗
, y, z are three members to be determined .

So

④ - u -

- ultt. ét / L ) ⇒ DE = ✗ e
't / ! / = ✗ u

butfwmegwton④_ ,
④ - An -_ def

⇒ Au = Xu fnatt or u is afncton It

⇒ A(ét( If) = ✗ e
" / {) ( ett is just

⇒ e¥A(E) = ✗ eYt( Lf
anmba)

⇒ al :] -- + I :|
⇒ (A-?⃝=o where a- ( L )

↳

eigenvalue problem .

1-
. Eigenuahuroftt Iet ( A - XI) --0

peeall that ⇒ /
4 - t - 5

/ =o
2 -3 - I*l:. -1 - (4- 7) 13-1×1 1-10=0

⇒ - (12-3×+4×-1,2) -110=0

⇒ ✗
2
- ✗ - 2=0

⇒



dicigenuectessoftt 4- - ✗I)a=o and nitni =/

Fm

[
5 - 5

2 →
) / In) =/ f) / → 52=5×2 ⇒ m=n,

→ 2kg --2xz =) Ni=Nz

¥
2,2 -1nF at ⇒ se , = ¥ = see

eigenvector is

[¥;] ⇒ ri , 1=1 :/ * at"eigenvector
-Fo

y
- 5

2 -
g) ( ¥ / =/ f)→ 221--5×2 ⇒ a=÷n ,

¥ ( 52/2%2+222=1 → ni -- ¥÷ = ÷

-1 Nz = ¥
A eigenvector is

( Krag/ → r. / %) :|:/ is%g 2hr,
also an eigenvector .

The

✗ = -1 ,
a:-( ,

'

/ eigenpaist

A- 2
, z= [ ? ] eigen paisa

④ get ,= eat a. = e-tf !] and gets -- e"tm=ét( ?]



both u,&uz solve ¥. = An 1

ME : since F- = All , , d¥ =
Ah
,

weld
d

a-
la . -1kt = +g_

A"

= A U, + Aur

→ ¥1M ,-142 ) = A fu , -1 Uz )

Intact given any two members ✗ & P ,

d

g-
( ✗ Ui 1- PM ) = A fate , -11342)

= =
a du
a-

= Au

U = AU
, 1- Buy for any possible

numbers 9,13

solver ¥ -

- Au
. /→ why ?

Because , U
,
I 42

Solve ¥ -
-
Ah -

Idg : Write solution to our original problem
of a = ✗ u, 1- A U2

where ✗ and p must be computed d¥=Au
to satisfy the original problem . uw=["



Welt
, if u= ✗ u, + puz then dug = Au ✓

¥
Not -_ ✗ Uiloltpuzlo)= /-two given

numbers

Note
, from ④

Uilol = [ ,

"

] ,

↳ lol = ( ? ) or e° = I

*
"" = 4 :/ + Pf :| =/

""

I
✗ + 213

find ✗, B such that

[
• + • is

a + ap
) =/⇒⇒

✗ + 5P= b)
2 equations

✗ top = Wo 2mknow
IP
,

the complete solution is

Ult / = ✗ Hilt ) 1- puzlt )and.aassatisq.esci.de#=auIii) ulna /%)

b- we used eigenvalues problem to

( i ) convert dug = Au into Au -- Xu problem

(ii ) solved for all pairs (Xiu) say Child, Child . . > an ,un)

( Ili ) wrote solution of U = ✗, Ui -1%42-1 . . - 1-✗nun ⇒ d¥=Au
autometi

( in ) found Xian . -

, in such that initial condition cally
is satisfied.



(c) Using eigenvalue problem to solve another ODE problem

-mi-EtmE-☒-m"4¥spring t spring 2 spring ]

¥⇐H. →
+✗ directionH

Let R
,
= N , It) and m= Nz (t) denote the

position of mass from left wall and let ↳ ↳ ↳ are

equilibrium length of three springs .
L is find and

we assume L = Li f- ↳ + ↳ .

Assumingnodampiug, for both manner ,
we have following

balonceofliueasmomentum

rate of change in linear momentum

=enternalfo
mabm.fueebodydiagram-H-fo.ie by spring 1

T→ F. = force by spring 2.Fi F2

:-#
✗:O

forgoing , current length is l , = a

change in length 8
,
= l , - Li

= Ri - Li



TE Fi = - k ,
81 ( opposite to 8 ,)

= -k
, Cri - Li )

Similarly .fm#ing2, current length lz= •2- the

change in length 82=12 - Lz

Inthinrh
if gz >☐ gun Fz is in the ✗ -direction

if 82 so thin Fz is in -ke ✗ - direction

7

¥ Fz = 14,82 es both observations
.

¥
¥1M ddF-)= Fi + 1=2

→ m
, dd?÷ = - h.CN , - 4) + 42 ( nz - ni - L2)

9-kz(nz-a-LÉ
marrm#

¥ E→É→=
,1=2



Spring : fz =
12 - Lz = Nz - ne - Lz

if £ > °
,

Fz is -be

if £ < 0 , Fz is the

¥
Fz = - hzsz ( opposite sign of sz)

Springs : current length 1, =L - Nz ( L is the fnuddstmu
between two walls)

to change in length L= Lit ↳ 1- ↳
§ = ls - ↳

⇐ L- Nz - ↳

= Lit ↳ ty -az - tx

= Li 1- Lz - 22

if 83>0 , Frg is the

of 8
] so , F, is -we

¥ Fs = 4383

II
me

d2Nz

I
= Fz -1 Frg = - kzfsez - n, - Lz)

1- kzfl , -112 - Nz)

⇒ W-t.gg/-kz(L*-L&-sea#d*=-f



The , we have ( Li , la , ↳ are equilibrium lengths of three
springs )

④ - mi% =
- k

, ( n , -4) 1- k, ( Nz - Nl - L2)

④ - m2dde¥_ = kg ([, 1- Kz - Nz) - Ky (Nz - Ki - Iz)

¥
y
, =

a,
- L, → dbl

=

dÉ ,

:{ why ?
Ya = Nz - ¢ , -1 Lg) ⇒ dbe

*
= DI

then from ④ a ④ I_r- 92+4/1-42
- y

,
- Xi -42

④-m÷%tk1 =k④, m.gg?z-=.yyza.m,y.,,,)
Equations ② 2④ are much nicer compared to ② & ①

.

If we have Y , I 3 , fwm ④ 2230, then we can find

the location of man mi 2 me from left wall by using

n , = Y , 1- 4④ - qz=yz+(↳t1-④ -

Iifialwndihonsfn④2④-
we let ( i) Y , to)= 0

, 7<101--0 - ⑥

Iii ) 5,101 = Uo
, 52101 = Wo .

- ④



Nowt we apply eigenvalue method to solve ④ &④ .

lhotefirstfhat, fu and order ODE (only one equation for

u = Ult) )

%÷ ⇒
- all

,
Ulo1=o

,
ein, .jo (

take a = ✗sin (pt)
then ddu

I - pace

a =p
'

⇒ p= Ta .

the solution is ult)= ✗sin (Pt) no , = o

where
✗ =

, p= ra .
lilos -_ xp -_ if

⇒ ✗ ra -

- ieo

Cheetah
✗ =¥a

( it d¥= ✗ pcoscpt) 1mddu
==
-xp

↳ in /pt) = - pace

but p= ra ⇒ ddu
☒

= - an ✓

( if Uto / = 0 ✓

( iii lilo)= ✗ pwslo) = Xp = ¥-0k = ieo ✓

let
left / = /

Yi (t)

Yzlt, ] 1
A =/

- Kimi - Kym , Kym
,

Kym
,

- Kym,
- Kym

thief
. equations ④ I④ can be written as

④ - d÷z = All

Id
iuihialconhtoiy ( is ulok (4

'"
-④

92101
/ = [ ;]

lil in --1%1%1=1%7 - ③



Motivated by#ÉDEIsiyk_
Ei ( ✗ sintpt ) ), we assume

ult ) = sin (wt) ( ¥]
¥

-
- ⑤

II =
- wasincwt / ¥ )

⑥
An = A ( sinew [¥) ) = sina.tl A / ¥]

¥fwm_ d2u
€2

= Au

-1
- w

- sinful if = sinywt) A /¥]

q ( Atari) ( ¥1 - (f)
F
I

⑦

7 (A-XI)R- when ✗ = -
wa, n =/ ¥ ]

A =/
- Hm

,

- "Ym , Kym
,

Kym ,
- Kym

,

- Kym
,

]
Slept : Solve (A- ✗ 1) n --0

to get two pairs of (X , , ni) , (Hinz )
-
¥2 ¥1m - Ii town.

Steph : eigen solutions vector vector

U
, = hilt) = sin (wit) Hi

, Uz = 6211-1 = sin (wit) 22



steps : since u, & us satisfy d¥_ = Au ( cheek ! )

U = ✗ 4 , -1 Puz

also satisfies d2u
= Au

Steph : let u= ✗ u , -1 purr then trivially ÷, =Au

Find numbers
,
X
, B , such that

alot. I;) and ñH= / I;]
- +trivially satisfied
due to sin (wt) two equations fu two unknowns

.

function
.

So we can solve fins ✗ Rp .

E✗amp Take k , = kz = Krs = K
, M , = mz -

- l

Am
A= f-

ik k

k - 2k
) → A - II =/

-2k - X k

k -21 - ✗]
Eigenvalues

• /A - X -1-1=0
y / -2kt

k

k -2k. ,
/ =D

-1 (21--1-4)
2
- K2 →

7 ✗2 -1 9kt -141<2 -1<2-0

-1 ✗ = zÉk



-1 ✗ =
-2k I K

7 ✗ = -K
, -3k

Ebss

d
. [

" "

11%1=1 :/ → a-- m

k
- k

& attract

9 Hi = ¥ = NZ

(
""

] is eigenvector → ( ! ) is also eigenvector
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¥ • eigenvalue determines the wavelength (21W) or frequency to)
• eigenvector determine the relative motion of man and

anipitide



fu / f) →
both man are vibrating in sang

direction

for / ! , / → vibrating inopposite direction .

Combined , eigenvalues & eigenvectors allow us to

solve system of ODES and also linear system of

equations .

For further readings , read the following book

" linear Algebra and Its Applications
"

by Gilbert strong


